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MAJORIZA TION FOR CHANGES IN ANGLES BETWEEN
SUBSP ACES, RITZ VALUES, AND GRAPH LAPLA CIAN SPECTRA *

ANDREW V. KNY AZEVY AND MERICO E. ARGENT ATI?

Abstract.  Many inequalit y relations betweenreal vector quantities can be succinctly expressed
as \w eak (sub)ma jorization" relations using the symbol A,,. We explain these ideas and apply them
in seweral areas: angles between subspaces,Ritz values, and graph Laplacian spectra, which we show
are all surprisingly related.

Let £( X;Y) be the vector of principal angles in nondecreasing order between subspacesX and
Y of a nite dimensional spaceH with a scalar product. We consider the change in principal angles
between subspacesX and Z, where we let X be perturb ed to give Y. We measure the change using
the weak majorization. We provethat jcos? £( X;Z)i co? £( Y;Z)jAw sin£( X;Y), and give similar
results for di®erencesof cosines,i.e. jcosf( X;Z)j cosE( Y;Z)jAw sin£( X;Y), and of sines, and of
sines squared, assuming dimX = dimY.

We observe that cos® £( X ;Z) can be interpreted as a vector of Ritz values, where the Rayleigh-
Ritz method is applied to the orthogonal projector on Z using X as a trial subspace. Thus, our
result for the squares of cosines can be viewed as a bound on the change in the Ritz values of an
orthogonal projector. We then extend it to prove a general result for Ritz values for an arbitrary
Hermitian operator A, not necessarily a projector: let @ (Px Ajx ) be the vector of Ritz values in
nonincreasing order for A on atrial subspaceX, which is perturb ed to give another trial subspaceY,
then jo (Px Ajx )i @ (PyAjy)iAw (, maxi , min) SiN£( X;Y), where the constant is the di®erence
between the largest and the smallest eigenvalues of A. This establishes our conjecture that the root
two factor in our earlier estimate may be eliminated. Our present proof is based on a classical but
rarely used technique of extending a Hermitian operator in H to an orthogonal projector in the
\double" spaceH?2.

An application of our Ritz values weak majorization result for Laplacian graph spectra compar-
ison is suggested, based on the possibility to interpret eigernvalues of the edge Lawlaman of a given
graph as Ritz values of the edge Laplacian of the complete graph. We provethat =, j, 1 , k] nl;
where | % and | ﬁ are all ordered elements of the Laplacian spectra of two graphs with the same n
vertices and with | equal to the number of di®ering edges.
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graph vertex Laplacian, graph edge Laplacian.
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1. Intro duction. Many inequality relations betweenreal vector quartities can
be succinctly expressedas \w eak (sub)majorization" relations using the symbol A,
that we now introduce. For areal vector x = [x1; ¢¢¢; x,] let x* be the vector obtained
by rearranging the ertries of x in an algekgalcally norplncreasmg order. Vector y
weakly majorizes vector x, i.e. x A, vy, xSy k=10, The
importance of weak majorization can be seenfrom the classical statemert that the
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2 ANDREW V. KNY AZEV AND MERICO E. ARGENT ATI

following two conditions are equivalert: xA,y and P L AX) - P ", Aly;) for all
nondecreasingcornvex functions A. Thus, a single weak majorization result implies a
great variety of inequalities. We explain theseideasand apply them in seeral areas:
anglesbetween subspacesRitz values, and graph Laplacian spectra, which we show
are all surprisingly related.

The conceptof principal angles,alsoreferredto ascanonicalanglesbetweensub-
spacesis one of the classical mathematical ideas originated from Jordan [15] with
many applications. In functional analysis, the gap between subspaceswhich is re-
lated to the sine of the largest principal angle, bounds the perturbation of a closed
linear operator by measuring the changein its graph, while the smallest nontrivial
principal anglebetweentwo subspacesleterminesif the sum of the subspacess closed.
In numerical analysis, principal anglesappear naturally to estimate how closean ap-
proximate eigenspacds to the true eigenspace.The chordal distance, the Frobenius
norm of the sine of the principal angles,on the Grassmannianspaceof nite dimen-
sional subspacess used, e.g.,for subspacepacking with applications in cortrol theory.
In statistics, the cosinesof principal anglesare called canonical correlations and have
applications in information retrieval and data visualization.

Let H be a real or complexn < 1 dimensional vector spaceequipped with an
inner product (x; y) and a vector norm kxk = (x; x)172. The acute angle betweentwo
non{zero vectorsx and y is de ned as

M(x;y) = arccos% 2 [0; Y22
For three nonzerovectors x; y; z, we have bounds on the changein the angle
G 2) i WY:;2)i - K% Y); 1.1)
in the sine
jsin(u(x; 2)) i sin(u(y; 2))j - sin(u(x; y)); 1.2)
in the cosine
jeos{u(x; 2)) i cosu(y;2))j - sin(K(x;y)); (1.3)

and a more subtle bound on the changein the sine or cosinesquared

cod(W(x;2)) i cof((y;2)) = SiPP(U(x;2) i sin?(u(y;2)) - sin(u(x;y)): (1.4)

Let us note that we can project the spaceH into the sparf x; y; zg without changing
the angles,i.e. the inequalities above presen essetially the caseof a 3D space.

Inequality (1.1) is provedin Qiu et al. [33]. We note that (1.2) follows from (1.1),
sincethe sine function is increasingand subadditive, see[33].

It is instructiv e to provide a simple proof of the sine inequality (1.2) using or-
thogonal projectors. Let Px, Py, and Pz be, respectively, the orthogonal projectors
onto the subspacespannedby the vectorsx, y, and z, and let k ¢k also denotethe in-
duced operator norm. When we are dealingwith 1D subspaceswe have the following
elemenary formula sin(u(x; y)) = kPx i Pyk (indeed, Py j Py hasrank at most two,
soit hasat most two non-zerosingular values,but (Px i Py)?x = (1i j(x;y)j?)x and
(Pxi Py)2y = (1i j(x;y)j?)y for unit vectorsx andy, solj j(x;y)j? = sin(ufx; yg)
is a double eigervalue of (Py j Py)z). Then the sine (1.2) inequality is equivalent to
the triangle inequality j kPx | Pzkij kPy j Pzkj- kPx i Pyk:
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In this paper, we replace 1D subspacesspannedby the vectors x, y and z, with
multi{dimensional subspacesX, Y and Z, and we usethe conceptof principal angles
between subspaces.Principal anglesare very well studied in the literature, however,
someimportant gapsstill remain. Here, we are interested in generalizinginequalities
(1.2)-(1.4) above to multi{dimensional subspacego include all principal angles,using
weak majorization.

Let us denote by £( X;Y) the vector of principal anglesin nondecreasingorder
between subspacesX and Y. Let dimX = dimY, and let another subspaceZ be
given. We prove that jcof £( X;Z) i coS£(Y;Z)jAw sin£( X;Y), and give similar
results for di®erencesf cosines,i.e. jcosE( X;Z) i cosE(Y;Z)jA sin£( X;Y), and
of sines,and of sinessquared. This is the rst main result of the presen paper, see
Section3. The proof of weak majorization for sinesis a direct generalizationof the 1D
proof above. Our proofs of weak majorization for cosinesand sinesor cosinessquared
do not have such simple 1D analogs.

Pioneering results using anglesbetween subspacesn the framework of unitarily
invariant norms and symmetric gaugefunctions, equivalert to majorization, appearin
Davis and Kahan [6], which intro ducesmany of the tools that we usehere. The main
goal of [6] is howewver ertirely di®erert | analyzing the perturbations of eigervalues
and eigenspacesywhile in the presert paper we are concernedwith sensitivity of angles
and Ritz valueswith respect to changesin subspaces.

Our secondmain result, seeSection4, boundsthe changein the Ritz valueswith
the changeof the trial subspace.We attack the problem by discovering a simple, but
deep, connection betweenthe principal anglesand the Rayleigh{Ritz method.

We “rst give a brief de nition of Ritz values. Let A : H ! H be a Hermitian
operator and let X be a (so-called \trial") subspaceof H. We de ne an operator
Px Ajx on X, where Py is the orthogonal projector onto X and Px Ajx denotesthe
restriction of operator Px A to its invariant subspaceX, asdiscussed.g.,in Parlett
[31]. The eigervaluesa( Px Ajx ) are called Ritz valuesof the operator A with respect
to the trial subspaceX.

We obsene that the cosinessquared cos £( X ;Z) of principal angles between
subspacesK and Z can be interpreted asa vector of Ritz values,where the Rayleigh-
Ritz method is applied to the orthogonal projector Pz onto Z using X as a trial
subspace. Let us illustrate this connection for one{dimensional X = sparfxg and
Z = sparf zg, where it becomestrivial:

(x; Pz Xx)
(x; x)

coS(H(x; 2)) =

The ratio on the right is the Rayleigh quotient for Pz | the onedimensional analog
of the Ritz value. In this notation, estimate (1.4) turns into

(X P2x)  (ViPay)—

x5y sin(u(x; y)); (1.5)

which clearly now is a particular caseof a generalestimate for the Rayleigh quotient,
cf. Knyazevand Argentati [18],

3X?AX)I. (;AY) = i
(X x) (y:y)

where A is a Hermitian operator and , max i , min iS the spreadof its spectrum.

¢
.maxi . min SIN(KX;Y)); (1.6)



4 ANDREW V. KNY AZEV AND MERICO E. ARGENT ATI

We shawv that the multi{dimensional analog of (1.5) can be interpreted as a
bound on the changein the Ritz values with the change of the trial subspace,in
the particular casewhere the Rayleigh-Ritz method is applied to an orthogonal pro-
jector. We then extend it to prove a generalresult for Ritz valuesfor an arbitrary
Hermitian operator A, not necessarilya projector: let o (Px Ajx) be the vector of
Ritz valuesin nonincreasingorder for the operator A on a trial subspaceX, which
is perturbed to give another trial subspaceY, then jo (Px Ajx)i & (PyAjy)j Ay
(, maxi . min) SINE( X;Y), which is amulti{dimensional analogof (1.6). Our presert
proof is basedon a classicalbut rarely usedidea of extending a Hermitian operator
in H to an orthogonal projector in the \double" spaceH? preservingits Ritz values.

An application of our Ritz values weak majorization result for Laplacian graph
spectra comparison is suggestedin Section 5, based on the possibility to interpret
eigervaluesof the edgeLaplacian of a glvlgn graph asRitz valuesof the edgeLapIaman
of the complete graph. We prove that ~ ,j, i ,2j - nl; where,{ and , 2 are all
ordered elemerts of the Laplacian spectra of two graphswith the samen vertlces and
with | equalto the number of di®ering edges.

The rest of the paper is organizedasfollows. In Section 2, we provide somebadk-
ground, de nitions and seral statemerts concerning weak majorization, principal
angles between subspaces,and extensionsof Hermitian operators to projectors. In
Section 3, we prove in Theorems 3.2 and 3.3 that the absolute value of the changein
(the squaresof) the sinesand cosinesis weakly majorized by the sinesof the angles
between the original and perturbed subspaces. In Section 4, we prove in Theorem
4.3 that a changein the Ritz valuesin the Rayleigh-Ritz method with respect to
the changein the trial subspacess weakly majorized by the sinesof the principal
anglesbetweenthe original and perturbed trial subspacegimes a constart. In Sec-
tion 5 we apply our Ritz valuesweak majorization result to Laplacian graphs spectra
comparison.

This paper is related to seweral di®erert subjects: majorization, principal angles,
Rayleigh-Ritz method, and Laplacian graph spectra. In most caseswheneer possible,
we cite books rather than the original works in order to keepour already quite long
list of referenceswithin a reasonablesize.

2. Denitions and Preliminaries. In this section we intro duce some de ni-
tions, basic conceptsand mostly known results for later use.

2.1. Weak Ma jorization. Majorization is a well known, e.g.,Hardy et al. [13],
Marshall and Olkin [23], important mathematical conceptwith numerousapplications.
For a real vector x = [xq; ¢¢¢;x,] let x* be the vector obtained by rearranging
the entries of x in an algebraically non-increasingorder, xj‘ , ¢ee, x*: We denote

[ix1j; ¢¢¢; jxnj] by jxj. We say that vector y weakly majorlges vector >i3and we usethe
notation [x1;¢¢¢;xn] Aw [y1;¢¢¢;y,] or x Ay y if oxF Y k=

1;:::;n. If in addition the sumsabove for k = n are equal, y (strongly) majorizes
vector x, but we do not use this type of majorization in the presen paper. Two
vectors of di®eren lengths may be comparedby simply appending zercesto increase
the size of the smaller vector to make the vectors the samelength.

Weak majorization is a powerful tool for estimatesinvolving eigervaluesand sin-
gular valuesand is covered, e.g., in Gohberg and Kre2n [9], Marshall and Olkin [23],
Bhatia [1] and Horn and Johnson [14], which we follow here and refer the reader to
for referencesto the original works and all necessaryproofs. In the presen paper,
we use seweral well known statemerts that we formulate for operators H ! H and
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overview brie°y below.

Let S(A) denote the vector of all singular valuesof A : H! H in nonincreasing
order, i.e. S(A) = S*(A), while individual singular valuesof A enumerated in non-
increasing order are denoted by s;(A). For Hermitian A let a(A) denote the vector
of all eigervaluesof A in nonincreasingorder, i.e. a(A) = a#(A), while individual
eigervaluesof A enumerated in nonincreasingorder are denotedby , (A).

The starting point for weak majorization results we usein this paper is

Theorem 2.1. [e.g.,, Th. 9.G.1, p. 241[23]] =(A + B) A,, a(A) + o(B) for
Hermitian A and B, which follows easily from Ky Fan's trace maximum principle
[e.g.Th. 20.A.2[23]] and the fact that the maximum of a sum is bounded from above
by the sum of the maxima. For generalA : H! H and B : H! H, it follows
from Theorem 2.1, sincethe top half of the spectrum of the Hermitian 2-by-2 block

0 . :
A® o S nothing but S(A), that

Cor ollar y 2.2. [e.g., Cor. 3.4.3, p. 196[14]] S(A & B) A,, S(A) + S(B).

A more delicate and stronger result is the following Lidskii theorem [e.g., Th.
11.4.1 [1]], which can be proved using the Wielandt maximum principle [e.g., Th.
[11.3.5 [1]],

Theorem 2.3. For [5|(I'—(,\rm|t|an A and % and any set lgf indices1 - iy < :::<
ik - n=dmH, wehave i=1 .ij (A+B) - -_1 iy (A)+ = Li(B) k=1L
By choosing an appropriate set of indices, Theorem 2.3 for Hermitian A and B |m-
medeately givesa(A) i a(B) A, (A j B), which for singular values of arbitrat y
A:H! HandB:H! H isequivalent [e.g.,Sec.IV.3, pp.98{101[1]] to

Corollar y 2.4. J[e.g.,, Th.3.4.5, p. 198 [14] or Th. 1V.3.4, p. 100 [1]]
iS(A)i S(B)j Ay S(Aj B). Applying Corollary 2.4 to properly shifted Hermi-
tian operators, we get

Cor ollar y 2.5. ju(A)i =(B)jAy S(Aj B) for Hermitian A and B.

We nally needthe so called \pinc hing" inequality,

Theorem 2.6. [e.g., Th. 11.5.1 [9] or (11.38), p. 50 [1]] If P is an orthogonal
projector then S(PAP § (I | P)A(l i P)) Ay S(A):

Proof. Indeed, A = PAP + (I § P)A(l | P)+ PA(l j P)+ (I | P)AP solet
B=PAP+ (I P)A(lj P)j PA(lj P)j (Iji P)AP then (2P I)A2Pj 1)=1B
where 2P j | is unitary Hermitian, so A"A and B"B are similar and S(A) = S(B).
Evidently, PAP + (1 j P)A(l j P) = (A + B)=2 sothe pinching result with the plus
follows from Corollary 2.2. The pinching result with the minus is equivalernt to the
pinching result with the plus sincethe sign doesnot changethe singular valueson the
left-hand side: S(PAP & (I i P)A(l i P)) = S(PAP)[ S((1 i P)A(l j P)); since
the rangesof PAP and (I § P)A(l i P) aredisjoint. O

2.2. Principal Angles Between Subspaces. Let Px and Py be orthogonal

projectors onto the subspacesX and Y, respectively, of the spaceH. We de ne the
set of cosinesof principal anglesbetweensubspacesX and Y by

operator

CosE( X;Y) = [s1(Px Py);::i;sm(Px Py)]; m = minfdimX;dimYg: (2.1)

Our de nition (2.1) is evidertly symmetric: £( X;Y) = £(Y;X): By de nition, the
cosinesare arranged in nonincreasing order, i.e. cos(£(X;Y)) = (cosE( X;Y)*;
while the anglesy; (X;Y) 2 [0;%#2];i = 1;:::; m and their sinesare in nondecreasing
order.

The conceptof principal anglesis closelyconnectedto cosine{sine(CS) decompo-
sitions of unitary operators; and we refer the readerto the books Bhatia [1], Stewart
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and Sun[36], Stewart [37] for the history and referencego the original publications on
the principal anglesand the CS decomposition. We needseeral simple but important
statemerts about the anglesprovided below. In the particular casedimX = dimY,
the standard CS decomposition can be used and the statemerts are easyto derive.
For the generalcasedimX 6 dimY that is necessaryfor us here, they can be obtained
using the general(rectangular) form of the CS decomyosition described, e.g.,in Paige
and Saunders[29], Paige and Wei [30]. We cannot nd exact referencesfor the facts
that we needin the generalcase,sofor completenessve provide the proofs here using
ideas from Davis and Kahan [6], Halmos [12], preparing our work to be more easily
extendedto in nite dimensional Hilb ert spaces.

Theorem 2.7. When one of the two subspces is replaed with its orthogonal
complement, the corresmnding pairs of anglessum up to ¥#2, speci c ally:

..... Ya . #I_h1/4. V2V I.
2,...,2,(£(X,Y)) = 5 E(X;Y7);0;:::;0 ; (2.2)

whete there are max(dimX j dimY;0) values¥#2 on the left, and possibly extra zerms
on the right to match the sizes.

The anglesbetween subsmoces and between their orthogonal complementsare es-
sentially the same,

[E(X; YD 00501 = [(B(X? ;Y7 )% 0002505 (2.3)

where extra Os at the end may need to be added on either side to match the sizes.
Proof. Let Moo = X\ Y; Mgi= X\ Y?: Mig=X?\VY; Mys=X?\Y?:as
suggestedin Halmos [12]. Each of the subspacesds invariant with respect to ortho-
projectors Px and Py and their products, and so ead of the subspacescorntributes
independertly to the set of singular values of Px Py in (2.1). Speci cally, there are
dimM g9 ones, dimM ¢ singular valuesin the interval (0;1) equal to cosE( Mo;Y),
whereMg = X\ (Mg © Mg;)?, and all other singular valuesare zeros;thus,
Ya i
E(XY) = i S E( Moy V)% 0:::050 (2.4)
where there are min f dim(M o1); dim(M 1p)g values¥#2 and dim(M oo) zeros.
The subspaceM , doesnot changeif we substitute Y? for Y in (2.4), sowe have
. h v, ) i
E(X;Y?)* = 5 B(Moy Y N*%0::050 ;
where there are min f dim(M qp); dim(M 11)g values¥#=2 and dim(M o;) zeros. Since,
is an eigernvalue of (Px Py)jm, if and only if 1 , is an eigervalue of (Px Py> )jm,,
we have 2 £(Mo;Y?) = (E(Mo;Y))¥, and the latter equality turns into
1 hl 1 I
Yy = 2 (Mg )00 (2.5)
2 2 2
where there are dim(M o1) values ¥#2, and min fdim(M qo); dim(M 11)g zeros. To
obtain (2.2), we make (2.4) and (2.5) equal by adding maxfdimM ¢; j dimM 14; 0Og
values¥#2 to (2.4) and maxfdimM oo j dimM 11;0g zerosto (2.5), and noting that,
sincedim(X \ Y?) = dimX + dimY? j dim(X + Y?), X?\ Y = (X + Y?)?, and
dimY? j dim((X + Y?)?) = dim(X + Y?) | dimY, we have dmM; j dimM 3 =
dim(X\ Y?)j dim(X?\ Y) = dimX + dimY? j dim(X + Y?)j dim((X + Y?)?) =
dimX j dimY.
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The proof above shavs that there are dimM oo = dim(>\ Y) zeroson the right,in

{2.2). Toprove(2.3), wesybstitute in (2.2) X? for X to get T S E(XT YY) =
Zi £(X?;Y7);0;:::;0 with dim(X? \ Y) zeroson the right on the one hand
and exchange £( X;Y) & £Y;X) in (2.2) and thgn substitute X? for X to obtain
FrnEECY;XTNF = % £(Y;X);0;::1;0 with dim(Y \ X?) zeroson the

right on the other hand. We have the equal number of zeroson the right in both
equalities and £( X?;Y) = £(Y;X?) by the symmetry of our de nition (2.1), so
subtracting both equalities from ¥#2 leadsto (2.3). O

We also usethe following trivial, but crucial, statemert.

Lemma 2.8. & ((Px Py)jx) = [co £( X;Y);0;:::;0]; with maxfdimX j dimY;0g
extra 0s.

Proof. The operator (Px Py)jx = ((Px Py)(Px Py)?)jx is Hermitian nonnegative
de nite, and its spectrum can be represened using the de nition of angles(2.1). The
number of extra Osis exactly the di®erencebetweenthe number dimX of Ritz values
and the number minf dimX; dimY g of principal angles. O

Finally, we needthe following characterization of singular valuesof the di®erence
of projectors:

Theorem 2.9.
[S(Px i Py);0;:::;0]= [l;:::;l;(sinE(X;Y);sinE(X;Y))#;O;:::;0];

whet there are jdimX j dimYj extra 1s upfront, the setsin£( X;Y) is repeated twice
and ordered, and extra Os at the end may need to be addeal on either side to match the
sizes.

Proof. The projectors Px and Py are idempotent, which implies on the one hand

(Px i Py)?=Px(l'i Py)+Py(l i Px)=PxPy» + PyPy:;
sothe subspaceX is invariant under (Px j Py)?: On the other hand,
(Px i Py)?=(I'i Px)Py+ (Ii Py)Px = Px» Py + Py> Py;

so the subspaceX ? is alsoinvariant under (Px i Py)?. The projectors Px and Py
are orthogonal, thus the operator (Px j Py)? is Hermitian, and its spectrum can be
represened as a union (counting the multiplicities) of the spectra of its restrictions
to the complemenary invariant subspacesX and X7 :

[ ¢ . .
o (Px i Py)? = [8((PxPy2)ix):a((Px> Py))ix- I
Using Lemma 2.8 and statemert (2.2) of Theorem 2.7,
[a(( Px Py~ )jx );0;:::;0] = [cO £( X;Y?);0;:::;0]
= [1;:::; L (sin £(X; )% 0;:::; 0]

where there are max(dimX j dimY;0) leading 1s and possibly extra zerosto match
the sizes,and

[8(( Px> Py))ix>);0;:::;0] = [cof £(X?;Y);0;:::;0]

= [1;::0 L (sin® £(X; Y) %0000

where there are max(dimY j dimX;0) leading 1s and possibly extra zerosto match

the sizes. Combining thesetwo relations and taking the squareroot, completesthe
proof. O
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2.3. Extending Operators to Isometries and Pro jectors. In this subsec-
tion we presen a simple and known technique, e.g., Halmos [11] and Rieszand Sz.-
Nagy [34], p. 461, for extending a Hermitian operator to a projector. We give an
alternativ e proof basedon extending an arbitrary normalized operator B to an isom-
etry B (in matrix terms, a matrix with orthonormal columns). Glazman and Ljubi ¢
[8] Problem X.1.26 and Bhatia [1] Exersizel.3.6, p. 11 extend B to a block 2-by-2
unitary operator. Our technique is similar and results in a 2-by-1 isometry operator
B that coincideswith the Tst column of the 2-by-2 unitary extension.

Lemma 2.10. Given an operator B : H ! H with singular valueslessthan or
equal to one, there exists a block 2-by-1 isometry operator B : H | H2, suchthat the
upper block of B coincides with B.

Proof. B”B is Hermitian nonnegative de nite, and all its eigervaluesare bounded
by one, since all singular values of B are bounded by one. Therefore, | | B"B
is Hermitian and nonnegative de nite, and thus possessesa Hermitian nonnegative
squareroot. Let

_ ., B
B = |o—Ii 5eg

p

0]
By direct calculation, BB = BB+ 1 B°B 1 B°B = |;i.e. B is anisometry.
O

Now we useLemma 2.10to extend, in a similar sense,a shifted and normalized
Hermitian operator to an orthogonal projector.

Theorem 2.11 ([11] and [34], p. 461). Given a Hermitian operator A:H! H
with eigenvaluesenclosel in the segment [0; 1], there exists a black 2-by-2 orthogonal
projector A : H21 H2, suchthat its upper left block is equal to A.

Proof. There exists A, which is alﬁo_Hermitian and hasits eigervaluesenclosed
in [0;1]. Applying Lemma2.10to B = = A, we construct the isometry B and set

Aogg- p A PR Prige A TATTA

A ACTIEA = Prara 1A

We seethat indeedthe upper left block is equalto A. We can usethe fact that B is

an isometry to show that A is an orthogonal projector, or that can be chedked directly

by calculating A2 = 4 and noticing, that A is Hermitian by construction. O
IntroducingS="AandC="1; A, we obtain

82 sc
A= ¢ ¢z

which is a well known, e.g., Davis [5], Halmos [12], block form of an orthogonal
projector that can alternatively be derived using the CS decomposition of unitary
operators, e.g., Bhatia [1], Stewart and Sun [36], Stewart [37].

The importance of Theorem 2.11 can be better seenif we reformulate it as

Theorem 2.12. Given a Hermitian operator A : H ! H with eigenvaluesen-
closal in a segment [0; 1], there exist subsmoes X and Y in H? suchthat A is unitarily
equivalentto (Px Py)jy ; where Px and Py are the correspnding orthogonal projec-
tors in H? and jx denotesa restriction to the invariant subsgce X .

I 0°

Proof. We use Theorem 2.11 and take Py = A and Py = 00 O
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Similar to Theorem 2.12, Lemma 2.10implicitly statesthat an arbitrary normal-
ized operator B is unitary equivalert to a product of the partial isometry B in H?2
and the orthogonal projector in H2 that selectsthe upper block in B (called Px in
the proof of Theorem 2.12). It is instructiv e to comparethis product to the classical
polar decomposition of B that is a product of a partial isometry and a Hermitian
nonnegative operator in H. In H?, we can choosethe secondfactor to be an orthog-
onal projector! This statemert together with Theorem 2.12 can provide interesting
canonical decompositions is H? that apparertly are not usedat presen, but in our
opinion desene attention.

We take advantage of Theorem 2.12in the presen paper. Using Lemma 2.8 with
(2.1), Theorem 2.12implies that the spectrum of an arbitrary Hermitian operator after
a proper shift and saling is nothing but a set of cosines squaed of principal angles
between some pair of subs@oes This surprising idea appearsto be very powerful.
It allows us, in Section 4, to obtain a novel result on sensitivity of Ritz values with
respectto the trial subspaceby reducingthe investigation of the Rayleigh-Ritz method
to the analysis of the principal anglesbetweensubspaceghat we provide in the next
section.

3. Ma jorization for Angles. In this section we prove the main results of the
presert paper involving sinesand cosinesand their squaresof principal angles, but
we start with a known statemert that involvesthe principal anglesthemsehes:

Theorem 3.1 (Theorem 2 Qiu et al. [33]). Let X, Y and Z be subspces of the
samedimension. Then

JE(X5Z) i £(Y;2)) Aw £(XY): 3.1

Theorem 3.1 dealswith the principal anglesthemseles,and the obvious question
is: are there similar results for a function of these angles,in particular for sinesand
cosinesand their squares? For one dimensional subspacesgstimate (3.1) turns into
(1.1) that, as discussedin the Introduction, implies the estimate (1.2) for the sine.
According to an anonymous referee,it appearsto be known to somespecialists that
the sameinference can be made for tuples of angles, but there is no good reference
for this at presen. Below we give easydirect proofsin a uni ed way for the sinesand
cosinesand their squares.

We rst prove the estimatesfor sine and cosine,which are straightforward gener-
alizations of the 1D sine (1.2) and cosine(1.3) inequalities from the Intro duction.

Theorem 3.2. Let dimX = dimY then

jsinE(X;Z)i sinf(Y;2)j Ay sinf(X;Y); 3.2)
JCOSE(X;Z) i cosE(Y;Z)jAw sinE(X;Y): (3.3)

Proof. Let Px, Py and Pz be the corresponding orthogonal projectors onto the
subspacesX, Y and Z, respectively. We prove the sine estimate (3.2), using the idea
of Qiu and Zhang [32]. Starting with (Px | Pz)i (Pyj Pz)= Px i Py;asin the
proof of the 1D sine estimate (1.2), we use Corollary 2.4 to obtain

iS(Px i Pz)i S(Pyi Pz)jAw S(Px i Py):



10 ANDREW V. KNY AZEV AND MERICO E. ARGENT ATI

The singular valuesof the di®erenceof two orthoprojectors are described by Theorem
2.9. SincedimX = dimY we have the samenumber of extra 1supfront in S(Px i Pz)
andin S(Py j Pz) sothat the extra 1's are canceledand the set of nonzeroertries of
iIS(Px i Pz)i S(Py i Pz)j consistsof nonzeroertries of jSinE( X;Z)i sinE(Y;Z)j
repeated twice. The nonzeroentries of S(Px | Py) are by Theorem 2.9 the nonzero
ertries of sin£( X;Y) alsorepeated twice, thus we cometo (3.2).

The cosine estimate (3.3) follows directly from the sine estimate (3.2) with 2~
instead of Z becauseof (2.2) utilizing the assumptiondimX = dimY . O

In our earlier paper, Knyazev and Argentati [17], in Lemmas 5.1 and 5.2 we
obtained a particular caseof Theorem 3.2, only for the largest changein the sine
and the cosine,but with improved constarts. We are not preserily able, howewer, to
modify the proofs of [17] using weak majorization, in order to improve the estimates
of Theorem 3.2 by introducing the sameconstarts asin [17].

Our last, but not least, result in this seriesis the weak majorization estimate for
the sinesor cosinessquared,which provides the foundation for the rest of the paper.

Theorem 3.3. Let dimX = dimY, then

jCOZE(X:;Z) i cof£(Y;:Z)j=jsSIPE(X;Z)i sSiPE(Y;Z)j Ay sinE(X;Y):

Proof. The equality is evident. To prove the majorization result for the sines
squared,we start with the useful pinching identity

(Px i Pz)%i (Pvi Pz)2=Pz:(Pxi Py)Pz> i Pz(Pxi Py)Pz:

Applying Corollary 2.4 we obtain

— i ,¢ i S
S (Pxi Pz)* i S(PyiPz)* AwS(Pz>(Pxi Py)Pz2 i Pz(Px i Py)Pz):

For the left-hand sidewe use Theorem 2.9 asin the proof of Theorem 3.2, exceptthat
we are now working with the squares.For the right-hand side, the pinching Theorem
2.6 gives

S(Pz>(Px i Py)Pz> i Pz(Px i Py)Pz)Ay S(Px i Py)

and we use Theorem 2.9 again to characterize S(Px i Py) the sameway asin the
proof of Theorem 3.2. O

4. Changes in the Trial Subspace in the Rayleigh{Ritz Metho d. In this
section, we explore a simple, but deep, connection betweenthe principal anglesand
the Rayleigh{Ritz method that we discussin the Introduction. We demonstrate that
the analysisof the in°uence of changesin atrial subspacen the Rayleigh{Ritz method
is a natural extension of the theory concerningprincipal anglesand the proximity of
two subspacedeweloped in the previous section.

For the reader's corvenience,let us repeat here the de nition of Ritz valuesfrom
the Introduction: Let A:H ! H be a Hermitian operator and Pyx be an orthogonal
projector to a subspaceX of H. The eigenvalues o(Px Ajx) are the Ritz values of
operator A with respect to X, which is called the trial subspace.

Let X and Y both be subspacesof H and dimX = dimY. The goal of this
sectionis to analyze sensitivity of the Ritz valueswith respect to the trial subspaces,
speci cally, to bound the change ja (Px Ajx) i @ (PyAjy)j in terms of sinf£( X;Y)
using weak majorization. Sud an estimate is already obtained in Theorem 10 of our
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earlier paper Knyazev and Argentati [18] by applying Corollary 2.5 to the matrices
of Px Ajx and PyAjy. This approac, however, leadsto an extra factor = 2 on the
right-hand side,whig1_is conjectured in [18] to be arti cial.

We remove this = 2 factor in our new Theorem 4.3 by using the ertirely di®eren
and novel approach: we connectthe Ritz valueswith extension Theorem 2.11 on the
one hand and with the cosinesquaredof principal angleson the other hand. We have
shovn in Theorem 2.11 that a Hermitian nonnegative de nite cortraction operator
can be extendedto an orthogonal projector in a larger space. The extension has an
extra nice property: it presenesthe Ritz values.

Cor ollar y 4.1. Under the assumptionsof Theorem 2.11, the Ritz values of
operator A : H ! H in the trial subsmoe X % H are the sameas the Ritz values of
operator A : H21 H2 in the trial subspoce

A X’ H

X= 7% v = Yo H2:

Proof. Let Py : H2 1 H2 be an orthogonal projector on the subspacer and
Py :H?2! H? be an orthogonal projector on the subspaceX. We usethe equality

signto denotethe trivial isomorphismbetweenH and H, i.e. we simply write H = H#
and X = X.

In this notation, we rst obsene that A = P|_/|\Aj|_/|\, i.e. the operator A itself
can be viewed as a result of the Rayleigh{Ritz method applied to the operator A
in the trial subspaceH. Second,we usethe fact that a recursive application of the
Rayleigh{Ritz method on a systemof enclosedtrial subspacess equivalent to a direct
single application of the Rayleigh{Ritz method to the smallesttrial subspace,ndeed,
in our notation, Py Py = PPy = Py; sinceX % H; thus

3 .

PxAjx = PypPyAjy o Py Ajy:

a

Next we note that Lemma 2.8 statesthat the Rayleigh{Ritz method applied to an
orthogonal projector producesRitz values, which are essetially the cosinessquared
of the principal anglesbetweenthe range of the projector and the trial subspace.For
the reader's conveniencewe reformulate Lemma 2.8 here:

Lemma 4.2. Let the Rayleigh{Ritz methad be applied to A = Pz, wher Pz is
an orthogonal projector onto a subspce Z, and let X be the trial subs@ce in the
Rayleigh{Ritz methad. Then the set of the Ritz valuesis

a (PxPzjx) = [cOS'£(X;Z);0;:::;0];

whete there are maxfdimX j dimZ;0g extra 0Os.

Now we are ready to direct our attention to the main topic of this section: the
in°uence of changesin a trial subspacein the Rayleigh{Ritz method on the Ritz
values.

Theorem 4.3. LetA:H! H beHermitian and let X and Y both be subspmces
of H and dimX = dimY. Then

jg (PxAjx)i 2 (PyAjv)iAw (. maxi .min) SINE(X;Y); (4.1)

where | hin and , max are the smallest and largesteigenvaluesof A, resgectively.
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Proof. We prove Theorem 4.3 in two steps. First we show that we can assume
that A is a nonnegative de nite contraction without losing generality. Second,under
theseassumptions,we extend the operator A to an orthogonal projector by Theorem
2.11 and use the facts that such an extension does not a®ectthe Ritz values by
Corollary 4.1 and that the Ritz valuesof an orthogonal projector can be interpreted
as the cosinessquared of principal angles between subspacesby Lemma 4.2, thus
reducing the problem to the already establishedresult on weak majorization of the
cosinesquared Theorem 3.3.

We obsene that the statemert of the theorem is invariant with respect to a shift
and a scaling, indeed, for real ® and " if the operator A is replacedwith ~ (A ®) and
. min and , max are correspondingly updated, both sidesof (4.1) are just multiplied
by — and (4.1) is thus invariant with respectto ® and . Choosing® = | i, and
= 1=(, max i .min). the transformed operator (A i , min)=(. maxi .min) IS
Hermitian with its eigervalues enclosedin a segmen [0O; 1], thus the statement (4.1)
of the theorem can be equivalertly rewritten as

jo (PxAjx) i o (PyAjy)j Ay sin£( X;Y); (4.2)

where we from now on assumethat A is a nonnegative de nite cortraction without
losing generality.

The secondstep of the proofis to recastthe problem into an equivalent problem for
an orthogonal projector with the sameRitz valuesand principal angles. By Theorem
2.11we can extend the nonnegative de nite contraction A to an orthogonal projector
Ps, where 2" is a subspaceof H?2. P» hasby Corollary 4.1the sameRitz valueswith
respect to trial subspaces

B B

Ao X HTL Y La_ HT Lo
X= 79 s H = o *H and ¥ = 0 s H = o *H

B

as A has with respect to the trial subspacesX and Y. By Lemma 4.2, these Ritz
values are equal to the cosinessquared of the principal anglesbetween Z' and the
trial subspaceX or Y possibly with the samenumber of Os being added. Moreover,
the principal anglesbetweenX and ¥ in H2 are clearly the sameas those between
X and Y in H and dimX = dimX = dimY = dimY¥. Thus, (4.2) can be equivalertly
reformulated as

jcof £(X:2) i cof£(Y:2))jAw sing(X;¥Y): (4.3)

Finally, we notice that (4.3) is already proved in Theorem 3.3. O
Remark 4.1. As in Remark 7 of Knyazev and Argentati [18], the constant
.,maxi ,min IN Theorem 4.3 can ke replacd with

MaXy2x +v: kxk=1 (X; AX) i MiNyox +v:kxk=1 (X; AX);

which for somesubspoes X and Y can provide a signi cant improvement.

Remark 4.2. The implications of the weak majorization inequality in Theorem
4.3 may not be obviousto every reader. To clarify, let m = dimX = dimY and let
®, , ¢¢¢, ®, be the Ritz valuesof A with resgct to X and ~; , ¢¢¢, ~—, bethe
Ritz values of A with respct Y. The weak majorization inequality in Theorem 4.3
directly implies

Xk X

i®i T Gmaxi .min)  SINEX; YD k= Liinm;
i=1 i=1



MAJORIZA TION: ANGLES, RITZ VALUES, GRAPH SPECTRA 13

e.g., for k = m we obtain

NG ~ NG
I®i ij- (maxi .min) SINEiI(X;Y)); (4.4)
i=1 i=1

and for k = 1 we have
maxi=1:::mi® i jj- (maxi ,min)9ap(X;Y); (4.5)

whetre the gapgap(X; Y) betwe=n equidimensional subsgoes X and Y is the sine of the
largestangle between X and Y. Inequality (4.5) is provel in Knyazev and Argentati
[18].

For }f,eal vectors xFand y the weak majorization x A, y is equivalent to the in-
equality -, A(x;) - [_; A(yi) for any continuous nondecreasing convexreal valued
function A, e.g., Marshall and Olkin [23], Statement4.B.2. Taking, e.g., A(t) = tP
with p, 1, Theorem 4.3 also implies

3)((] ,l 3)([1 'L
i®i 5 T (Cmaxi . min) sin€;(X;Y)P °; 1. p<i:
i=1 i=1

We nally note that the results of Theorem 4.3 are not intended for the casewhere
one of the subspacesX or Y is invariant with respectto operator A: In such a case,it
is natural to expect a much better bound that involvesthe squareof the sin£( X;Y).
Majorization results of this kind are not apparertly known in the literature. Without
majorization, estimates just for the largest changein the Ritz values are available,
e.g.,Knyazevand Argentati [18], Knyazevand Osborn [20].

5. Application of the Ma jorization Results to Graph Spectra Compari-
son. In this section,we shaw that our majorization results can be applied to compare
graph spectra. The graph spectra comparison can be used for graph matching and
has applications in data mining, cf. Kosinov and Caelli [22].

The sectionis divided into three subsections.In Subsection5.1, we give all nec-
essaryde nitions and basic facts concerning Laplacian graph spectra. In Subsection
5.2, we connect the Laplacian graph spectrum and Ritz values, by introducing the
graph edgeLaplacian. Finally, in Subsection5.3, we prove our main result on the
Laplacian graph spectra comparison.

5.1. Incidence Matrices and Graph Laplacians. Here, we give mostly well
known relevant de nitions, e.g., Chung [3], Cvetkovif et al. [4], Merris [25, 26, 27],
Mohar [2§], just slightly tailored for our speci ¢ needs.

Let V be a nite ordered set (of vertices), with an individual elemen (vertex)
denotedby v; 2 V. Let E; be the nite ordered set (of all edges),with an individual
elemen (edge) denoted by e« 2 E; such that every e = [v;;v;] for all possible
i > j. E; can be viewed asthe set of edgesof a complete simple graph with vertices
V (without self-loops and/or multiple edges). The results of the presen paper are
invariant with respect to speci ¢ ordering of vertices and edges.

Let we : Ec ! R be afunction describing edgeweigtts, i.e. we(ex) 2 R. If for
someedgeey the weight is positive, wc(ex) > 0, we call this edgepresen, if wg(e) = 0
we s& that the edgeis absen. In this paper we do not allow negative edgeweights.
For a given weight function w., we de ne E p E. suc that e 2 E if w.(e) 6 0and
we de ne w to be the restriction of w, on all presert edgesE, i.e. w is made of all
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nonzerovalues of w;. A pair of setsof verticesV and presen edgesE with weights
w is called a graph (V; E) or a weighted graph (V; E; w).

The vertex{edge incidence matrix Q. of a complete graph (V;E¢) is a matrix
which hasa row for ead vertex and a column for eac edge,with column-wiseertries
determined asgx = 1, g« = j 1 for every edgeec = [vi;vj];i > j in Ec and with
all other entries of Q. equal to zero. The vertex{edge incidence matrix Q of a graph
(V; E) is determinedin the sameway, but only for the edgespresert in E. The vertex{
edgeincidence matrix can be viewed as a matrix represenation of a graph analog of
the divergenceoperator from partial di®erenial equations (PDE).

Extending the analogywith PDE, the matrix L = QQ?” is called the graph Lapla-
cian. In the PDE context, this de nition correspondsto the negative Laplacian with
the natural boundary conditions, cf. McDonald and Meyers [24]. Let us note that
in the graph theory literature such a de nitions of the graph Laplacian is usually at-
tributed to directed graphs, eventhough changing any edgedirection into the opposite
doesnot a®ectthe graph Laplacian.

If we want to take into accourt the weights, we can work with the matrix
Q diag(w(E))Q"; which is an analog of an isotropic di®usion operator, or we can
introduce a more generaledgematrix W and work with QW Q®; which corresponds
to a generalanisotropic di®usion. It is interesting to notice the equality

Qc diag(wc(Ec))Q: = Q diag(w(E))Q; (5.1)

which shaws two alternativ e equivalent formulas for the graph di®usionoperator.

For simplicity of preseriation, we assumein the rest of the paper that the weights
w, take only the valueszero and one. Under this assumption, we intro duce matrix
P = diag(w.(E;)) and notice that P is the matrix of an orthogonal projector on a
subspacespannedby coordinate vectors with indices corresponding to the indices of
edgespresert in E and that equality (5.1) turns into

Q:PQ: = QQ™ (5.2)

Let us note that our results can be easily extendedto a more generalcaseof arbitrary
nonnegative weights, or even to the caseof the edgematrix W, assumingthat it is
nonnegative de nite, W , O:

Fiedler's pioneering work [7] on using the eigenpairsof the graph Laplacian to
determine some structural properties of the graph has attracted much attention in
the past. Recent advancesin large-scaleeigervalue computations using multilev el
preconditioning, e.g., Knyazev [16], Knyazev and Neymeyr [19], Koren et al. [21],
suggestnovel excient numerical methods to compute the Fiedler vector and may
rejuvenate this classical approad, e.g., for graph partitioning. In this paper, we
concerirate on the whole set of eigervaluesof L, which is called the Laplacian graph
spectrum.

It is known that the Laplacian graph spectrum does not determine the graph
uniquely, i.e. that there exist isospectral graphs, see,e.g.,van Dam and Haemers[3§]
and referenceghere. Howewer, intuition suggestshat a small changein a large graph
should not changethe Laplacian graph spectrum very much; and attempts have been
made to use the closenessf Laplacian graph spectra to judge the closenessof the
graphsin applications; for alternative approades, seeBlondel et al. [2]. The goal of
this section is to badkup this intuition with rigorous estimates for proximity of the
Laplacian graph spectra.
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5.2. Laplacian graph spectrum and Ritz values. In the previous section,
we obtain in Theorem 4.3 the weak majorization bound on for changesin the Ritz
values depending on a changein the trial subspacewhich we would like to apply to
analyze the graph spectrum. In this subsection,we presen an approac that allows
us to interpret the Laplacian graph spectrum as a set of Ritz valuesobtained by the
Rayleigh{Ritz method applied to the complete graph.

A graph (V;E) can evidertly be obtained from the complete graph (V;E.) by
removing edges,moreover, aswe already discussedwe can construct the (V; E) graph
Laplacian by either of the terms in equality (5.2). The problem is that suc a con-
struction cannot be recast as an application of the Rayleigh{Ritz method, since the
multiplication by the projector P takes place inside of the product, not outside, as
required by the Rayleigh{Ritz method.

To resole this dixcult y, we usethe matrix K = Q"Q that is sometimescalled
the matrix of the graph edge Laplacian, instead of the matrix of the graph vertex
Laplacian L = QQ7; as both matrices K and L sharethe samenonzeroeigervalues.
The advantage of the edge Laplacian K is that it can be obtained from the edge
Laplacian of the complete graph QZQ. simply by removing the rows and columns
that correspond to missing edges. Mathematically, this procedure can be viewed as
an instance of the classicalRayleigh{Ritz method:

Lemma 5.1. Let us remind the reader that the weightsw, take only the values
zer and one and that P = diag(w¢(E.)) is a matrix of an orthogonal projector on
a subspce spannead by coordinate vectors with indices corresmpnding to the indices
of edgespresentin E. Then Q°Q = (PQch)jRange(P) ; in other words, the matrix
Q"Q is the result of the Rayleigh{Ritz methad applied to the matrix QZQ. on the trial
subs@ce Range(P). The application of the Rayleigh{Ritz method in this caseis
reducedto simply crossingout rows and columns of the matrix QZQ. corresponding
to absent edges,since P projects onto a span of coordinate vectors with the indices
of the presen edges.

Lemma 5.1 is a standard tool in the spectral graph theory, e.g., Haemers[1(Q], to
prove the eigervaluesinterlacing; however, the procedureis not apparertly recognized
in the spectral graph community asan instance of the classicalRayleigh{Ritz method.
Lemma 5.1 provides us with the missing link in order to apply our Theorem 4.3 to
Laplacian graph spectra comparison.

5.3. Ma jorization of Ritz Values for Laplacian Graph Spectra Compar-
ison. Using the toolsthat we have presenied in the previous subsectionswe now can
apply our weak majorization result of Section 4 to analyze the changein the graph
spectrum when several edgesare added to or removed from the graph.

Theorem 5.2. Let (V;E?) and (V;E?) be two graphs with the same set of n
verticesV, with the samenumter of edgesE ' and E 2; and with the numter of di®ering
edgesin E! and E? equalto |. Then

i LEie ol (5.3)

where , § and , 2 are all elementsof the Laplacian spectra of the graphs (V;E?!) and
(V; E?) in nonincreasing order.

Proof. The spectra of the graph vertex and edge Laplacians QQ" and Q°Q are
the same apart from zero, which does not a®ectthe statemert of the theorem, so
weredene , ; and , E as elemerts of the spectra, courting the multiplicities, of the
edgeLaplacians of the graphs (V; E?) and (V; E2). Then, by Theorem5.1, ! and , 2
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are the Ritz valuesof the edgeLaplacian matrix A = QZQ. of the complete graph,
corresponding to the trial subspacesX = Range(P;) and Y = Range(P2) spannedby
coordinate vectors with indices of the edgespresert in E* and E?, respectively.

Let us apply Theorem 4.3, taking the sum over all available nonzerovaluesin the
weak majorization statemert asin (4.4). This already gives us the left-hand side of
(5.3). To obtain the right-hand side of (5.3) from Theorem 4.3, we now shaw in our
casethat, rst, , maxi ., min = N and, second,the sum of sinesof all anglesbetween
the trial subspacesX and Y is equalto I.

The “rst claim follows from the fact, which is easyto ched by direct calculation,
that the spectrum of the vertex (and thus the edge)Laplacian of the complete graph
with n vertices consists of only two eigervalues, max = n and , nin = 0. Let us
make a side note that we can interpret the Laplacian of the complete graph as a
scaledprojector, i.e. in this casewe could have applied Theorem 3.3 directly, rather
than Theorem 4.3, which would still result in (5.3).

The secondclaim, on the sum of sinesof all angles,follows from the de nition of
X and Y and the assumptionthat the number of di®eringedgesin E* and E? is equal
to . Indeed, X and Y are spannedby coordinate vectors with indices of the edges
preser in E' and E2. The edgesthat are presert both in E* and E? cortribute zero
anglesinto £( X;Y), while the | edgesthat are di®eren in E! and E? cortribute |
right anglesinto £( X;Y), sothat the sum of all terms in sin£( X;Y) isequalto |. O

Remark 4.1 is also applicable for Theorem 5.2 | while the min term is always
zero, since all graph Laplacians are degenerate,the max term can be made smaller
by replacing n with the largest eigervalue of the Laplacian of the graph (V;E*[ E?).

It is clearfrom the proof that we do not usethe full force of our weak majorization
resultsin Theorem5.2, becauset concernsangleswhich are zeroor ¥=2: Nevertheless,
the results of Theorem 5.2 appear to be novel in graph theory. We note that these
results can be easily extended on k-partite graphs, and possibly to mixed graphs.

Let us nally mertion an alternativ e approac to compare Laplacian graph spec-
tra, which we do not cover in the presen paper, by applying Corollary 2.5 directly to
graph Laplacians and estimating the right-hand side using the fact that the changes
in | edgesrepresetts a low{rank perturbation of the graph Laplacian, cf. [35].

Conclusions. We use majorization to investigate the sensitivity of anglesbe-
tween subspacesand Ritz valueswith respect to subspacesand to analyze changes
in graph Laplacian spectra where edgesare added and remaved. We discover that
these seeminglydi®erert areasare all surprisingly related. We establishin a uni ed
way hew results on weak majorization of the changesin the sine/cosine(squared) and
in the Ritz values. The main strength of the paper in our opinion is, howewver, not
so much in the results themseles but rather in a novel and elegar proof technique
that is basedon a classical but rarely used idea of extending Hermitian operators
to orthogonal projectors in a larger space. We believe that such a technique is very
powerful and should be known to a wider audience.
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