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EFFICIENT SOLUTION OF SYMMETRIC EIGENVALUE PROBLEMS USING
MULTIGRID PRECONDITIONERS IN THE LOCALL Y OPTIMAL BLOCK
CONJUGATE GRADIENT METHOD.

ANDREW V. KNYAZEVT AND KLAUS NEYMEYR¥

Abstract. We presenta shortsuney of multigrid—basedsolversfor symmetriceigewvalue problems.We con-
centrateour attentionon “off the shelf’ and“black box” methodswhich shouldallow solving eigevalue problems
with minimal, or no, effort on the part of the developer taking advantageof alreadyexisting algorithmsand soft-
ware. We considera classof suchmethodswherethe multigrid only appearsasa black-boxtool for constructing
thepreconditionenof the stiffnessmatrix, andthe baséterative algorithmis oneof well-known off-the-shelfprecon-
ditionedgradientmethodssuchasthe locally optimalblock preconditioned:onjugategradientmethod. We review
someknawn theoreticalresultsfor preconditionedyradientmethodsthatguaranteghe optimal, with respecto the
grid size,corvergencespeed.Finally, we presentesultsof numericaltests,which demonstrateracticaleffective-
nessof ourapproactor thelocally optimalblock conjugategradientmethodpreconditionedby thestandard/-cycle
multigrid appliedto the stiffnessmatrix.

Key words. symmetriceigevalue problems,multigrid preconditioning,preconditionedconjugategradient
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1. Intr oduction. At the endof the pastMillennium, the multigrid techniquehasma-
turedto the level of practicalindustrial applications. The progressn developingan alge-
braicmultigrid hasmadepossibleémplementingef cient algebraianultigrid preconditioners
in commercialcodes. Linear and nonlinearmultigrid solvers have establishedh new high
standardof effectivenesdor the numericalsolution of partial differentialequations.Using
multigrid for eigervalueproblemshasalsoattractedsigni cant attention.

Letus rst presenherea shortandinformal overview of differentmultigrid- basedap-
proachegor numericalsolutionof eigervalueproblems.

The most traditional multigrid approachto an eigervalue problemis to treatit asa
nonlinearequationand, thus, to apply a nonlinearmultigrid solver; e.g.,an FAS (full ap-
proximationscheme] 7], sometimesexplicitly tunedfor the eigervaluecomputationse.g.,
[4, 5, 24, 25, 26, 27, 28, 29, 30.

Suchasolvercanoftenbereadilyappliedto nonlineareigervalueproblemssee[ 10, 11]
for the FAS appliedto the nonlinearSchibdingerPoissorequationsand[5] for a homotopy
continuatiormethods For lineareigervalueproblemsthistechniquenaynotbealwaysef -
cient. It maynotbe ableto take advantageof speci ¢ propertiesof eigervalueproblemsijf a
generalnonlinearsolver is used. Tuning a nonlinearcodefor eigervaluecomputationsnay;
on the otherhand, requireelaborateprogramming. Nonlinearmultigrid eigensolersoften
involve specialtreatmentf eigervalueclusterswhich further complicategheir codes.An-
otherknown drawbackis high approximatiorrequirementsn coarsegrids,whenanonlinear
multigrid solver needsaccurateeigenfunction®n coarsegrids, cf. [ 26].

The secondpopularapproachis to usean outer eigervalue solver, e.g.,the Rayleigh
guotientiteration (RQI) [43], which requiressolving linear systemswith a shifted stiffness
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matrix. The multigrid is usedasaninner solver in suchinnerouteriterations. The Newton
methodfor the Rayleighquotient[ 1] or ahomotopy continuatiorf40, 60] canbeusedhereas
anoutermethodinsteadof RQI, which allows oneto considersuchmethodsalsoin the rst
catayory, i.e. nonlinearsolvers. Theuseof theshiftedstiffnessmatrixtypically leadsto avery
fastcorvergenceof the outeriterative solver provideda high accurag of theinneriterations,
but requiresa specialattentionasthelinearsystemssolvedby multigrid, arenearlysingular
e.g.,[9]. In thewell-known Jacobi—Daidsonmethod[48, 52], this dif culty is someavhat
circumwentedby introducinga correctionequation,which canbe solved by multigrid [27].
Theproblemof choosinga properstoppingcriteriafor innermultigrid iterationsis nontrivial
asthechoicemaysigni cantly affectthe effectivenesof theinnerouterprocedure.

More complex variantsof the multigrid shift-and-irvert methods,wherethe grids are
changedn outeriterationsaswell, areknown, e.g.,[56]. In [57, 58], sucha multigrid tech-
niqueis adoptedor so—calledsourceiterationmethodsof solvingspectralproblemsfor sys-
temsof multigroupdiffusionequationgiescribinghe steadystateof nucleareactorsandits
implementatiorfor the popularRussialWWER andBN reactords described.

A very similar techniquds to usethe classicalinverseiterations,ofteninversesubspace
iterations,asanoutersolverandthemultigrid asaninnersolverfor systemswith thestiffness
matrix, e.g.,[3, 42]. Thelinearcorvergenceof the traditionalinverseiterationsis known to
be slover comparedo usually supetlinear, e.g., cubicin somecasesgcorvergenceof the
shift-and-irvert iterationsdiscussedn the previous paragraphjput one doesnot facenow
the troublesof nearly singularlinear systems. Moreover, whenthe systemsare solved in-
accuratelyby inneriterations,which is desiredto reducethe numberof inner steps the fast
convergenceof shift-and-irvertouteriterationsis typically lost. In this casethe corvergence
speedf outeriterationsbasedntheinverseof thestiffnessmatrixandontheshift-and-irvert
techniquesnaybe comparablee.g.,se€e[ 53] for comparisorof inexactinverseandRayleigh
quotientiterations.

Thereareothermethodsspeci cally designednultigrid eigensolers,thatdonot t our
classi cationabove, e.g.,multilevel minimizationof the Rayleighquotient[ 9, 41], calledthe
Rayleighquotientmultigrid (RQMG). This methodhasbeenintegratedinto an adaptve 2D
Helmholtzeigensoler usedfor designingntegratedoptical chips[12, 13].

A classof methodswe wantto discussin detailsin the presentpaperhastwo distinc-
tive features: there are no innerouter iterationsand the multigrid can be usedonly as a
preconditionernot asa completelinear solver, nor asan eigensoler. Thesemethodsare
usuallycalled preconditionedyradientmethodsashistorically the rst methodof this kind,
suggestedn [51], minimizesthe Rayleigh quotienton every iteration in the direction of
the preconditionedyradient. They have beenstudiedmostly in the Russianliterature;see,
e.g.,[17, 21, 23, 32, 34] aswell asthe monograph 18] anda recentsurwey [35], which
include extensie bibliography The mostpromisingpreconditionedyradienteigensolers,
the locally optimal preconditionecconjugategradient(LOPCG) methodand its block ver-
sion (LOBPCG),suggeste@d@ndanalyzedn [33, 34, 35, 36], shall play the mainrole in the
presenpaper

Let us brie y mentionheresomerelevant and even morerecentresultsfor symmetric
eigenproblemsPaper[49] obtainsasymptoticcorvergencerate estimateof the generalized
Davidsonmethodsimilar to thatby [51] for the preconditionedteepestiescentin [44, 45)],
the secondauthorof the presentpaperderivesthe rst sharp nonasymptoticonvergence
rate estimatedor the simplestmethodin the class,the preconditionecbower methodwith
a shift, calledin [44, 45] the preconditionednverseiteration (PINVIT) method. In [46],
theseestimatesare generalizedo similar subspacdterations. The mostrecentwork, [37],
writtenby theauthorsof thepresenpaper nds ashortandelegantsimpli cation of estimates
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of [44, 45, 46] and extendsthe resultsto generalizedsymmetriceigenproblems.We shall
describeoneof themainestimate®f [37] in Section4.

Preconditionedjradientmethodscanbe easilylinkedto theinexactinnerouteriterative
solversdiscussecearlierin thesection.PINVIT is interpretedn [44, 45] asa perturbatiorof
the classicalinverseiterations.The samemethodcanbe alsoviewedasaninexactRQI with
only onestepof a preconditionedinear iterative solver performedon every outeriteration,
e.g.,[32 34].

Preconditionedradientmethodgor computingsereralextremeeigenpair®f symmetric
eigervalueproblemshave severaladvantagesomparedo otherpreconditioneeigensolers:

algorithmicsimplicity;

low costsperiterationandminimal memoryrequirements;
practicalrobustnessvith respecto initial guesses;

robustcomputatiorof eigervalueclustersasa resultof usingblock methodsasthat
by the classicainversesubspacéerations;

fastcorvergence comparableo that of the block Lanczosappliedto A 1B, when
a good preconditionerand an advancedpreconditionedgradientmethod,e.g., the
LOBPCGmethod,areused;

designedo operatein a matrix-freeervironmentand equally ef cient for regular,
Ax= | x, andgeneralizedAx = | Bx, symmetriceigervalueproblems;

relatively well developedtheory which, in particulay guaranteesptimal, with re-
spectto themeshsize,corvergencewith multigrid preconditioning;

trivial multigrid implementatione.g.,simply by usingblack-boxmultigrid precon-
ditioning of the stiffnessmatrix.

Themaindrawvbackof presenpreconditionedjradientmethodss theirinability to com-
puteefciently eigervaluesin a giveninterval in the middle of the spectrum.For this and
nonsymmetricaseswye referthereadeito preconditionedhift-and-irvertmethodseviewed
in[2].

Multigrid preconditionedradientmethodsarepopularfor applicationse.g.,in structural
dynamics[8] andin electronicstructurecalculationsfor carbonnanotube$2?], wheretwo
slightly differentversionsof the block preconditionedteepestlescenareused.

Preconditioningfor gradientmethodsis not limited to multigrid, e.g., bandstructure
calculationsin two- and three-dimensionabhotoniccrystalsin [15, 16] are performedby
usingthefastFouriertransformfor the preconditioning.

Someeigervalueproblemsn mechanicse.g.,vibrationof abeamsupportedy springs,
leadto equationsvith nonlineardependencenthespectraparameterPreconditioneaigen-
solversfor suchequationsareanalyzedn [54, 55|, where,in particular a generalizatiorof
thetheoryof a preconditionedubspacéerationmethodof [19, 20] is presented.

Here,we usemultigrid only asa preconditioneiso thatall iterationsare performedon
the nest grid. This implementationrseparategompletelyiteratve methodsfrom the grid
structure,which signi cantly simpli es the codeand, we repeat,allows the use of black-
box multigrid, e.g., one of algebraicmultigrid preconditioners.Our recommendeahoice
to preconditionthe stiffnessmatrix without any shifts further simpli es the algorithmasit
removesa possibility of having singularitiestypical for preconditioningof shiftedstiffness
matrices.

In researcttodes,well-known multigrid tricks could also be used,suchasnestedter-
ations,where rst iterationsare performedon coarsergrids andthe grid is re ned with the
numberof iterations,e.g.,[18]. We note, however, thatdoing sowould violate the off-the-
shelfandblack-boxconceptsthus, signi cantly increasingthe codecomplexity. Neverthe-
less,adaptve meshre nementstratgjiesare availablefor the eigenproblen47] wherethe
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adaptve eigensoleris basedon the nite elementcodeKASKADE [14]. Theefciency of
suchscheme$asbeendemonstrateth [12, 39].

Let us nally highlight thatin the multigrid preconditionedgradienteigensolerswe
recommendno eigervalueproblemsaresolvedon coarseyrids; thus,thereareno limitations
onthecoarsegrid sizeassociateavith approximatiorof eigenfunctions.

The rest of the paperis organizedas follows. Section?2 introducesthe notationand
presentsnain assumptionsin Section3, we describethe LOBPCG methodof [33, 34, 35,
36], anda simpler, but slover, method,the block preconditionedsteepestiescen{BPSD),
analyzedn [6]. Section4 reproduceshe mostrecentcorvergencerateestimatefor the two
methodsgderivedin [37].

Numericalresultsfor a model problem,the Laplacianon the unit square,usinga few
typical choicesof the multigrid preconditioningaregivenin Section5. We compareseveral
preconditioneckigensolers: PSD,LOPCG andtheir block versions. Thesenumericalex-
perimentsprovide clearevidencefor regardingLOBPCG aspracticallythe optimal scheme
(within that classof preconditionectigensolerswe consider). Moreover, we comparethe
LOBPCG methodwith the preconditionedinear solves: the standardpreconditionecton-
jugategradient(PCG) methodfor Ax= b andthe PCG appliedto computinga null-space
of A | ninB (seeour notationin the next section),called PCGNULL in [36]. The latter
experimentssuggesthatLOBPCGis a genuineconjugategradientmethod.

2. Mesh symmetric eigernvalue problems. We considera generalizedsymmetricpos-
itive de nite eigervalue problemof the form (A | B)x = 0 with real symmetricpositive
de nite n-by-n matricesA andB. Thatdescribes regular matrix pencilA | B with a dis-
cretespectrum(setof eigervaluesl ). It is well known thatthe problemhasn real positive
eigervalues

O<Imin=11 T2 it 1n=1max

and correspondindright) eigervectorsx;, satisfying(A | iB)x = 0, which canbe chosen
orthogonain thefollowing sense(x; Axj) = (xi;Bx)) = 0; i 6 j:

In our notation,A is the stiffnessmatrix andB is the massmatrix. In someapplications,
thematrix B is simplytheidentity, B = |, andthenwe havethestandargymmetriceigervalue
problemwith matrix A. For preconditionedyradienteigensolers,it is notimportantwhether
thematrix B is diagonalithus,amasscondensatioin the nite elemenmethod(FEM) is not
necessary

We considerthe problemof computingm smallesteigervalues ; andthe corresponding
eigervectorsy;.

Let T beareal symmetricpositive de nite n-by-n matrix. T will play the role of the
preconditionermorepreciselyanapplicationof a preconditioneto a givenvectorx mustbe
equivalentto the matrix vectorproductTx. In mary practicalapplications,T, aswell asA
andB, is notavailableasa matrix, but only asa functionperformingTx, i.e., we operaten a
matrix—freeervironment. The assumptiorthat T is positive de nite is crucialfor thetheory
but T doesnothaveto be x ed,i.e. it maychangerom iterationto iteration. This e xibility
may allow usto usea wider rangeof smoothersn multigrid preconditioning.

When solving a linear systemwith the stiffnessmatrix, Ax= b, it is evident that the
preconditionefm shouldapproximateA 1. For eigervalue problemsiit is not really clear
what the optimal target for the preconditioningshouldbe. If oneonly needsto compute
the smallesteigervaluel 1, onecanargue[34] thatthe optimal preconditionemwould be the
pseudoinerseof A | 1B.

Choosingthe stiffnessmatrix A asthe target for preconditioningin mesheigervalue
problemsseemso be a reasonablypracticalcompromisethoughit may not be the optimal
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choicefrom a purely mathematicapoint of view. On the onehand,it doesprovide, aswe
shallseein Section4, the optimal corvergencein a sensethatthe rate of corvergencedoes
not deterioratevhenthe meshgets ner. Ontheotherhand,it simpli es thetheoryof block
preconditioneaigensolersandstreamlineshe correspondingoftwaredevelopment.

To thisend,let usassumehat

(2.1) do(TX) (A %)  di(xTX);8x2 R:0<dy dy:

Theratio d;=dy canbeviewedasthe spectrakconditionnumberk(TA) of thepreconditioned
matrix TA andmeasurefiow well the preconditionefT approximatesup to a scaling,the
matrix A 1. A smallerratio d;=d typically ensuregastercorvergence.For meshproblems,
matricesA ! andT arecalledspectally equivalentif the ratio is boundedrom above uni-
formly in themeshsizeparameterseg[18]. For variablepreconditionersye still requirethat
all of themsatisfy(2.1) with thesameconstants.

3. Algorithms: the block preconditioned steepestdescentand the locally optimal
block preconditionedconjugate gradient method. In the presenpaperwe shallconsider
two methods:the preconditionedsteepestiescen{PSD)andthe locally optimal precondi-
tioned conjugategradientmethod(LOPCG) aswell astheir block analogs:the block pre-
conditionedsteepestiescen{BSPD)andthelocally optimalblock preconditioneaonjugate
gradientmethod(LOBPCG),in theform they appeaiin [34, 36].

For brevity, we reproduceherethe algorithmsin the block form only. The single-\vector
form is simply the particularcasem = 1, wherem is the block size, which equalsto the
numberof soughteigenpairs.

First, we presentAlgorithm 3.1 of the BPSDmethodwhichis somavhatsimpler

ALGORITHM 3.1: BPSD.

Input: mstartmgvectorsx(o) : xﬁ?), functionsto compute:matrix-vectorproducts

Ax, Bx andT x for a givenvectorx andthe vectorinnerproduct(x;y).

. Start: selectx( 0. andsetp(o) =0, j=1::;m
. lterate:Fori = 0 """ Unt/I CorvergenceDo:
I(-I ; (x(I Ax(I )—(x(I Bx(')) j=10nm

UsetheRayle/gh —Ritzmethodfor thepencilA | B onthetrial subspace
spariwd’;:cwl) oxd2; 0 d g to computethenemteratexﬁ' b
asthej-th thz vectorcorrespondingo the j-th smallestiRitz value,j = 1;:::;
7. EndDo
Output: theapproximations | (+D andx(i+ Yto thesmalleseigervalues

I andcorrespondlngzlgen/ectors =100

A differentversionof thepreconditionedlock steepestiescenis describedn [ 8], where
the Rayleigh—Ritzmethodon step6 is split into two parts,similar to thatof the LOBPCGII
methodof [36] whichwe discusdater. Otherdifferentversionsareknown, e.g.,thesuccessie
eigervaluerelaxationmethodof [50]. Our theoryreplicatedin the next sectioncoversonly
theversionof the preconditionedlock steepestiescenof Algorithm 3.1

Our secondAlgorithm 3.2 of the LOBPCGmethodis similar to Algorithm 3.1, but uti-
lizesanextrasetof vectors,analogougo conjugatedirectionsusedin the standardgrecondi-
tionedconjugategradientlinearsolver.
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ALGORITHM 3.2: LOBPCG.

Input: m startlngvectory(o) : xﬁ?) ; functionsto compute:matrix-vectorproducts
Ax, Bx andT x for a givenvectorx andthe vectorinnerproduct(x;y).

. Start'seleclx( andsetp(o)— 0;j=1;::;
. Iterate:Fori = 0 """ Untll Corvergencd.‘)o

1
2
3. I (') (X(I) AX(I))—(X(I) BX(I)) J— 10
4. r —Ax(') I(I BX"; j= Ly
5
6

W s Tr = 1
= Tr j=1;:
Wi I
UsetheRaerlgh thzmethodfor thepencilA | B onthetrial subspace
spari W(l') i 'Wﬂ']), (1'); "' 'x%']), p(l'); G pﬁ'q)g to computethe next iterate

SO IR OO IR ON OB O

asthe j-th thé'i}ectorcorrespond/ngo the j-th smallesRitz value,j = 1;:::;m;
7 p§|+1) = Qi 1oem a(')w(')+ gﬁ)p(')
8. EndDo
Output: theapproximation$ (+1) andx(i+ Y to thesmallesleigervalues

I andcorrespondln@lgen/ectors i= 100

Here,on Step6 thescalarsa(') t('), and arecomputedmplicitly ascomponent®f
thecorrespondingigervectorsof the Rayleigh—Ritzprocedure.

We want to highlight that the main loop of Algorithm 3.2 of LOBPCG canbe imple-
mentedwith only oneapplicationof the preconditionef, onematrix-vectorproductBx and
onematrix-vectorproductAx, periteration;see[36] for details.

Storagerequirementsaresmallin both Algorithms 3.1 and3.2 only several n-vectors,
andno n-by-n matricesatall. Suchmethodsaresometimesalledmatrix-free.

For thestoppingcriterion,we computenormsof thepreconditionedesiduaw() onevery
iteration. Residuahormsprovide accuratéwo-sidedooundsfor eigervaluesanda posteriori
errorboundsfor eigervectors;see[32].

A differentversionof the LOBPCG,calledLOBPCGI|, is describedn [36€], wherethe
Rayleigh—Ritzmethodon step6 of Algorithm 3.2 is split into two parts. There,on the rst
stage the Rayleigh—Ritzmethodis performedm timeson three-dimensionatial subspaces,

spannedy W(l), x(') and p(') j = 1;:::;m, thus,computingm approximationgo the eigen-
vectors.In the secondstagexhe Raylelgh Ritzmethodis appliedto the m-dimensionakub-
spacespannedy theseapproximationsin this way, the Rayleigh—Ritzmethodis somevhat
lessexpensve andcanbe morestable asthe dimensionof thelargetrial subspacés reduced
from 3mto m. We do not yet have enoughnumericalevidenceto suggestsingLOBPCGI|I
widely, eventhougha similar preconditionedlock steepestiescentersionof [ 8] is success-
fully implementedn anindustrialcodeFinite ElementAggregationSolver (FEAGS).
Otherversionsof LOBPCGarepossibleg.g.,the successie eigervaluerelaxationtech-
niqueof [50] canbetrivially appliedto the LOBPCG.However, only the original versionof
the LOBPCG,shawn in Algorithm 3.2, is supportedy our theoryof the next section.
Comparingthe BPSDandLOBPCGalgorithms,onerealizesthatthe only differenceis

thattheLOBPCGusesanextrasetof directionspg') in thetrial subspacef theRayleigh—Ritz
method. In single-\ectorversionsPSDandLOPCG,whenm= 1, this leadsto a difference
betweenusingtwo andthreevectorsin the iterative recursion.Sucha small changeresults
in considerablaccelerationparticularlysigni cant whenthe preconditioneis not of a high
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quality, asdemonstratedumericallyin [34, 35]. In Section5, we obsene this effectagainin
our numericalttestswith multigrid preconditioning.

A seeminglynaturalideais to try to acceleratehe LOPCG and LOBPCG by adding
morevectorsto thetrial subspacel et usexplorethis possibilityfor thesinglevector(m= 1)
method,LOPCG,by introducinga groupof methodswe call LOPCG+k, k 1 in Section5.
It is explainedin [36] thatin our Algorithm 3.2with m= 1 thetrial subspaceanbe written
in two alternatve forms:

n o n o0
span w;x; pl) = span w;x;x( D

Hereanduntil theendof thesectionwe dropthelowerindex j = 1 for simplicity of notation.
Theformerformulafor thesubspaceysedin Algorithm 3.2, is morestablein the presencef
round-of errors.Thelatterformulais simplerandoffersaninsightfor a possiblegeneraliza-
tion: fora x edk 1 wede ne themethodLOPCG+ k by usingthefollowing extendedtrial
subspace

n 0

span W ;x;x( Doeeeydi 1K)

in the Rayleigh-Ritzmethod.Whenk is increasedthetrial subspacegetslarger, thusprovid-
ing a potentialfor animprovedaccurag.

WetestnumericallyL OPCG+ k methoddor afew valuesof k, seeSection5, andobsene
no noticeableaccurag improvementat all. Basedon thesenumericalresults,we cometo
the sameconclusionasin [36], namely that the LOPCG methodis apparentlythe optimal
preconditioneckigensolers;in particular it cannotbe signi cantly acceleratedy adding
morevectorsto thetrial subspace.

This conclusionhowever, is not yet supportedy arigoroustheory In the next section,
we discussknown theoreticakesultsfor BPSDandLOBPCGmethods.

4. Available theory. Thefollowing resultof [37] providesuswith a shortandelegant
convergenceaateestimateor Algorithms3.1and3.2
THEOREM 4.1. Thepreconditioneris assumedo satisfy(2.1) on every iteration step.

Fora xed index j 2 [L;m], if 1 {” 2 [l ;1 i+ 1[ thenit holdsfor the Ritzvaluel {** com-
putedby Algorithm3.1, or 3.2, thateitherl " < I (unlessq = j), or 1 {9 2 151 1.
In thelatter case

KGRI KU

(4.1) J g K(TA) i ger - ———
leer 107D o leer 10

kJ+1 j kJ+1 j

wheee

!

k(TA) 1 I

4.2 K(TA): kil sy =1 1 )
(4.2) d K(TA); k3l k1 KA+ 1 Moot

In the context of multigrid preconditioningthe mostimportantfeatureof this estimates
thatis guaranteeghe optimal, with respecto the meshsize,corvergencerate,providedthat
k(TA) is uniformly boundedrom abovein themeshsizeparameteh andthattheeigervalues
of interestdo not containclusterssothatl «; | +1 is largecomparedo h. Estimate(4.1)
canbetrivially modi ed to coverthe caseof multiple eigervalues.
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Fortheblockcasem> 1,thereis only oneothercomparabl@onasymptoticorvergence
rateresult,but it is for asimplermethod se€[6]. Thisestimatds notapplicableo BPSDand
LOBPCGasit cannotbeusedrecursvely.

For the singlevectorcasem= 1, whichis, of course muchsimpler, morecorvergence
resultsareknown, e.g.,se€[32, 34, 35, 36, 37] andreferenceshere.In particular anestimate
of [31, 32] for the PSDis in somecasesg.g.,for high quality preconditionerssharperthan
that of Theorem4.1. Asymptoticallythis estimateis similar to the estimateof [51]. We
presentt in thenext sectionfor comparison.

Advantage®f the Theorem4. 1l arethat:

it is applicableto ary initial subspaces,
thecorvergencerateestimatecanbeusedrecursvely,
the estimatedor the Ritz valuesareindividually sharpfor the mostbasicPINVIT
schemesee[37] for details,
thecorvergenceateestimatdor a x edindex j is exactlythesameasfor thesingle—
vectorschemecf. [37].

One seriousdisadwantageof the estimate(4.2) is thatit deterioratesvhen eigervaluesof

numericaltestsis known notto be sensitive to clusteringof eigervaluesandthe estimateof
[6] doescapturethis property essentiafor subspacéterations.

Theoremd.1 providesuswith the only presentlyknown nonasymptoti¢heoreticalcon-
vergencerateestimateof the LOBPCGwith m> 1. Numericalcomparisorof PINVIT, PSD
andLOBPCGaccordingto [34, 35, 36] demonstrates)owever, thatthe LOBPCGmethodis
muchfasterin practice.Thereforepurtheoreticatorvergencesstimateof Theoremd.1is not
sharpenoughyet to explain excellentcorvergencepropertiesof the LOBPCGin numerical
simulationswhichweillustratenext.

5. A numerical example. We consideran eigenproblenfor the Laplacianon [0; p]?
with the homogeneouBirichlet boundaryconditions. The problemis discretizedby using
linear nite elementonauniform trianglemeshwith thegrid parameteh = p=64 and3969
innernodes.Thediscretizedeigenproblenis ageneralizednatrix eigervalueproblemfor the
pencilA | B, whereA is thestiffnessmatrix for the LaplacianandB is the massmatrix.

Ourgoalis to testPSD,BPSD,LOPCGandLOBPCGmethodsusingmultigrid precon-
ditionersfor the stiffnessmatrix A:

V(i;1)—cycle preconditionergperformingeachi stepsof Gauss—Seidetymmetric
pre- and post-smoothingalternatively Jacobi—smoothingdn a hierarchyof grids

nite elementspaceconsistonly of a singlebasisfunction.

5.1. Comparison of convergencefactors. To begin with, we comparethe computed
convergencefactorsfor the schemed$SD,LOPCG,PCGNULL and PCG,which are each
startedwith the sameinitial vectorsout of 200 randomlychosen.By PCGNULL we denote
thestandard®CGmethodappliedto the singularsystemof linearequations

(A 11B)x =0,

wherewe supposd 1 to be given;i.e., we computethe eigervectorx; asanelementof the
null-spaceof A | 1B by PCG.PCGNULL wassuggestedby the rst authorof the present
paperin [36] asa benchmark.For the PCGruns,whensolving Ax= b, we chooserandom
right—handsidesb.

In the following we apply the samepreconditionergo the eigensolersandto linear
solversPCGNULL and PCG;andwe consideronly preconditionergor the stiffnessmatrix
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[ [ (42 ] (5.9 [PSD] (5.4 [ PCGNULL | LOPCG || PCGfor Ax= b ||

V(2;2) || 0:43 | 0:30 | 0:26 || 0:15 0:13 0:13 0:03
V(1;1) || 0:48 | 0:36 | 0:29 || 0:19 0:17 0:16 0:06
HB 0:96 | 0:96 | 0:9 0:76 0:7 0.7 0.7
TABLES.1

Actualandtheoetical corvemgencefactors.

A. We testtheV(i;i)—cycle preconditioneraising Gauss—Seidedmoothingfor i = 1;2 and
theHB preconditioner

Theiterationsof PSDandLOBPCGarestoppedf | (1') | 1 islessthan10 8. In all our
teststhey corvergefor eachrandominitial vectortried to the extremeeigenpair(uy;l 1). In
otherwords, iterationsdo not get stuckin eigenspacesorrespondingo highereigervalues.
Thescheme®CGNULL andPCGarestoppedf (r; Tr) < 10 10, wherer denotegheactual
residualvector:r = (A | 1B)xin PCGNULLandr = Ax bin PCG.

The computedconvergencefactorsandcorrespondingheoreticalestimatesarelistedin
Table5.1

The convergencefactorsfor PSDand LOPCGin Table 5.1 arethe meanvaluesof all
corvergenceactors

Y
| (i+1) | | I(I)
P 1l2 13

o 189y

(for all 200initial vectors)computedfrom the numericaldatarecordedwhenl < | 5. The
convergencefactorsfor PCGNULL and PCGin Table 5.1 arecomputedby calculatingthe
ratio of Euclideamormsof theinitial andthe nal residualsandthentakingtheaverageratio
periteration.

Thetheoreticaktornvergencefactorq givenby formula(4.2) of Theoremd.1is computed
asfollows. We rst roughly estimatethe spectralconditionnumberof TA usingthe actual
convergencefactorsof PCG. Let gpc bethe corvergencefactorof PCGasgivenin Table
5.1 Fromthestandard®CGcorvergencerateestimateve get

P
k(TA) 1

51 —— ;

6-1) e PR M1

thereforewe take

(5.2) K(TA):= L* Gpes
1 gpce

Then,insertingthisk(TA) andl 1 = 2andl , = 5in (4.2) givesthe correspondingolumnof
Table5.1

We also provide two other theoreticalcorvergencerate factors,for the PSD and the
PCGNULL,correspondinglyThey arebasednthespectratonditionnumbek (T(A | 1B)),
whichis de ned asaratio of the largestandthe smallesthonzeroeigervaluesof the matrix
T(A | 1B). Namely theasymptoticcorvergenceratefactorof the PSDis

K(T(A 11B)) 1
K(T(A 1.B)+1’

(5.3)
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o
0 RN —— LOPCG Res.
N LOPCGI -1 1

— — PCGNULL Res.

I H S
Iteration number

FiG.5.1. LOPCGvs. PCGNULL.
seg[31, 32, 51], while the corvergenceratefactorof the PCGNULL periterationis approxi-
matelyequal[36] to

UGS
"k(T(A TB)+1

(5.4)

Accordingto Theorem3.1 of [32],

1, 1
(5.5) k(T(A 11B)) k(TA) 1 >
Thus, knowing the valuesk(TA) from (5.2) andl ; = 2, | , = 5 we computecorvergence
factors(5.3) and(5.4) andpresenthemin Table5.1

Let usnow discusghe numericaldataof Table5.1 We rst obsenethatourtheoretical
convergencefactor q given by (4.2) of Theorem4.1 doesprovide an upperboundfor the
actual corvergencefactors,thus supportingthe statemenof Theorem4.1. However, this
upperboundis clearly pessimisticavenfor the PSD.Theasymptoticconvergenceratefactor
(5.3 ts betterthe actualcorvergencerate of the PSD.Let us notice, however, comparing
the rst two lineswith the datathatanimprovementof the quality of the preconditionefrom
V(1;1) toV(2;2) reduceghevalueof q of (4.2) andacceleratetheactualcornvergenceof the
PSD1:1 times,while thevalueof (5.3) getssmallerl:2 times. This obsenationsuggestshat
neither(4.2), nor (5.3) capturesaccuratelythe actualcorvergencebehaior of the PSD.The
problemof obtaininga sharpnonasymptoticorvergencerate estimateof the PSDremains
open,exceptfor thecaseT = A 1, whichwe discussatthe endof the subsection.

Equation(5.4) providesanaccurateestimateof the corvergencerateof the PCGNULL,
asexpected.

Thecorvergencdactorsof LOPCGandthoseof PCGNULL arenearlyidenticalin Table
5.1 Thissupportghesuppositiorof [33] thatthecorvergenceaatefactorof LOPCGdepends
on k(TA) the sameway as the cornvergencerate factor (5.4) of PCGNULL; see[36] for
extensive numericalcomparisorof LOPCGandPCGNULL.

A directcomparisonaspresentedn Table 5.1, of the convergencefactorsof LOPCG
with thoseof PCGNULL mustbe donewith careas we takulate different quantities: the
squareaootof ratiosof difference®f eigervalueapproximationgor theformer, but theratios
of theresidualdfor thelatter. We scrutinizethis potentialdiscrepang by a directcomparison
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FiG. 5.2. PSDandLOPCGwith V(2;2)-Gauss—Seid€left) andHB (right) preconditioning.

of the corvergencehistory lines for LOPCGandPCGNULL on Figure5.1. Both schemes
with the sameV(2,2) Gauss—Seidgbreconditionerare appliedto the sameinitial guess,n
this casesimply a vectorwith all componentgqualto one. For LOPCGwe draw the error

I (1') | 1 aswell asthesquareof the Euclidearmormof theresidualof the actualeigervector
approximationand for PCGNULL only the squareof the Euclideannorm of the residual.
We obsere not only a similar corvergencespeedout a striking correspondencef the error
historylines. This con rms a conclusionof [36], which canalsobe dravn from Table5.1,
thatthe LOPCGappears@sa genuineconjugategradientmethod.

Not surprisingly knowing resultsof numericaltestsof [34, 35, 36], LOPCGcorverges
signi cantly fasterthanPSD,accordingo Table5.1. We additionallyillustratethis on Figure
5.2

Figureb5.2displaystheconvergencehistoryof PSDandLOPCGusingtheV (2; 2) Gauss—

Seideland HB preconditioners.Therein, | (1') | 1 is plotted versusthe iterationindex for
15 differentrandomly choseninitial vectors. The slopeof the bold line in Figure 5.2 is
determinedby (4.1) for g asgivenin the (4.2 columnof Table5.1, i.e., we have dravn
g?(l » | 1) againstheiterationindex .

Looking at the last columnof Table 5.1, we noticethatthe PCGfor the linear system
Ax= b corvergesmuchfasterthanthe PCGNULL for V(2;2) andV(1;1) preconditioners,
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but aboutwith the samespeedwhenthe HB preconditionetis used. The reasonfor this is
thatthe preconditionefT hereis chosento approximatethe stiffnessmatrix A without ary
shifts, for the reasonsalreadydiscussedn the introduction. Therefore,accordingto (5.5),
PCG shouldalways corverge fasterthanthe PCGNULL, but it would be mostly noticeable
for preconditioneof ahigh quality. Thisis exactlythebehavior of actualcorvergencdactors
of PCGNULL andPCGin Table5.1.

Our nal commentonTable5.1concerrthedatain theraw correspondingo theV(2; 2)
preconditioner For our problem,this preconditionemprovides an excellentapproximation
to the stiffnessmatrix with k(TA)  1:1; thus, practically speaking,in this casewe have
T A luptoscaling.If T= A ! wehaveadditionaltheoreticacornvergencerateestimates
for eigensolerswe cancomparewith.

The PSDmethodwith T = A 1 is studiedin detailsin [38], wherea sharpcorvergence
factoris obtained.In our notationthatis
(5.6) 1 x = :25; wherex = 1 l—l = 0:6:

1+ x P
Letusnotethattheearlierpresentedisymptotidc® SDcorvergencdactor(5.3) turnsinto (5.6),
whenk(TA) = 1. Ask(TA) 1:1for theV(2;2) preconditionerwe getthe value:25 from
(5.6) consistentvith the actualPSD convergencefactor which is in this case:26, andwith
thevalue:3 of (5.3).

The LOPCG methodis not yet theoreticallyinvestigatedevenwith T = A 1. Instead,
let usshaw herethe cornvergencefactorof the classicalLanczosmethod,appliedto nd the
smalleskigervalueof A 'B. Thestandardestimatepasedn Chebyshe polynomials gives
thefollowing cornvergencefactorperiteration:

(5.7) 1 oX- 013
1+ X

This is a perfect t with the actualcorvergencefactor of the LOPCG, which suggestghat
LOPCGis a naturalextensionof the Lanczosmethodin the classof preconditionecigen-
solvers.

5.2. The optimal corvergenceof LOPCG. Next, we compareesultsof PSD,LOPCG
andLOPCGt k, wherewe usetheV (2; 2)—cycle preconditionewith two stepsof Jacobipre-
andpost-smoothingach.

Figure5.3 displaysthe errorl () | 1 of the computedeigervalue approximationg ()
versusthe iteration numberi. Eachcurve representshe caseof the poorestcorvergence
toward | ;1 for 100 randominitial vectors,the samefor eachscheme. The relatively poor
cornvergencein the rst stepsaccountdor attractionto eigervaluesdifferentfrom | 1, when
| O > | 5. Thebold straightline is drawvn basen thetheoreticakonvemyencefactorq given
by (4.2) of Theorem4.1in ananalogousvay asthatdescribedabove.

The outcomeof this experimentexempli es that:

Thecornvergenceactorq of (4.2) is apessimistiaipperboundfor PSDandLOPCG.
PSDis slowerthanLOPCG.

Mostimportantly LOPCGappearasthe optimal schemeof thosetested sincethe
slopeof the corvergencecurvesfor LOPCGHk, k= 1;2;3, is approximatelythe
sameasthe oneof LOPCG,but LOPCGt k, k > 0 methodsare more expensve as
they involve optimizationover largertrial subspaces.

Theoptimality of LOPCGis describedy the rst authorof the presenpaperin [33, 36]
with moredetails.
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Fi1G. 5.3. Corvemgenceof PSD,LOPCGandLOPCGH+k, k= 1;2;3 for V(2;2)-Jacobi.

5.3. Convergenceof subspaceschemes.Here, we reporton the resultsof precondi-
tionedsubspacéerationfor VV(2;2) Gauss—Seidegireconditioning.Thereforewe construct
a 7-dimensionainitial subspac& (9 2 R" 7 whosekth columnis givenasthe grid restric-

tion of thefunction(x=p)*2+ (y=p)¥=3. Block versionsBPSDandLOBPCGareeachstarted
onU©@,

numberi. The iterationis stoppedif |E;> 4 10 8 Thisis the caseafter 13 BPSD
iterationsbut only 8 LOBPCGstepswhich againshavs the superiorityof LOBPCG.
Figure 5.4 demonstrateseveral propertiesof LOBPCG that we also obsere in other
similartests:
The corvergencerateis betterfor the eigenpairavith smallerindexes.
Forthe rst eigenpairthe convergenceof theblock versionis fasterthanthecorver
genceof thesingle-ectorversion,.e. theincreasef theblock sizeof the LOBPCG
acceleratesorvergenceof extremeeigenpairs.
The LOBPCGiin this test behaes similarly to the block Lanczosmethodappliedto
A 1B.

5.4. Optimality with respecto the meshsize. In our nal setof numericakimulations
we testscalabilitywith respectto the meshsize. Accordingto the theoreticalcorvergence
rateestimatesve alreadydiscussedthe corvergenceshouldnot slow down whenthe mesh
gets ner. Combinedwith well-known ef ciency of multigrid preconditioning this should
leadto overall costsdependingdinearly on thenumberof unknowns.

To checkthesestatementaumericallyfor ourmodelproblemwe runtheLOPCGmethod
preconditionedisingV(2; 2) Jacobifor theinitial vectorwith all componentgqualto oneon
asequencef uniformgridswith N = (2K 1)% k= 3;:::;10nodes.After teniterationsthe
residualsdropbelov 10 © for all k, which supportghe claim of auniformin N corvergence
rate. Thenumberof ops, measuredy MATLAB, growsproportionallyto N in thesetests,
whichis in agoodcorrespondenceith thetheoreticalpredictionof thelineardependence.

Conclusion.
A shortsurwey of multigrid—basedsolvers for symmetriceigervalue problemsis
presentedvith particularattentionto off-the-shelfand black-boxmethods,which
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FIG. 5.4. PreconditionedsubspacéterationsBPSDand LOBPCGwith V(2;2) preconditioning

shouldallow solvingeigervalueproblemswith minimal, or no, effort on the partof
thedeveloper takingadvantageof alreadyexisting algorithmsandsoftware.

A classof suchmethodswherethe multigrid only appearsasa black-boxtool of
constructingthe preconditionerof the stiffnessmatrix, andthe baseiterative algo-
rithm is oneof well-known off-the-shelfpreconditionedyradientmethods suchas
theLOBPCGmethod,s arguedto beareasonablehoicefor largescaleengineering
computations.

The LOBPCG methodcanbe recommendeds practically the optimal methodon
thewhole classof preconditioneaigensolersfor symmetriceigenproblems.
Themultigrid preconditioningpf the stiffnessmatrix is robustandpracticallyeffec-
tive for eigenproblems.

Resultof numericalttestswhichdemonstrat@racticaleffectivenessandoptimality
of the LOBPCG methodpreconditioneddy the standaradv-cycle multigrid applied
to the stiffnessmatrix aredemonstrated.

An ef cient multigrid preconditioningof the stiffnessmatrix usedin the LOBPCG
methodleadsto a “textbook multigrid effectiveness’for computingextremeeigen-
pairsof symmetriceigervalueproblems.
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