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EFFICIENT SOLUTION OF SYMMETRIC EIGENVALUE PROBLEMS USING
MULTIGRID PRECONDITIONERS IN THE LOCALL Y OPTIMAL BLOCK

CONJUGATE GRADIENT METHOD . �

ANDREW V. KNYAZEV† AND KLAUS NEYMEYR‡

Abstract. We presenta shortsurvey of multigrid–basedsolversfor symmetriceigenvalueproblems.We con-
centrateourattentionon “off theshelf” and“black box” methods,which shouldallow solvingeigenvalueproblems
with minimal, or no, effort on the part of the developer, taking advantageof alreadyexisting algorithmsandsoft-
ware. We considera classof suchmethods,wherethemultigrid only appearsasa black-boxtool for constructing
thepreconditionerof thestiffnessmatrix,andthebaseiterative algorithmis oneof well-known off-the-shelfprecon-
ditionedgradientmethodssuchasthe locally optimalblock preconditionedconjugategradientmethod.We review
someknown theoreticalresultsfor preconditionedgradientmethodsthatguaranteetheoptimal,with respectto the
grid size,convergencespeed.Finally, we presentresultsof numericaltests,which demonstratepracticaleffective-
nessof ourapproachfor thelocally optimalblockconjugategradientmethodpreconditionedby thestandardV-cycle
multigrid appliedto thestiffnessmatrix.
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1. Intr oduction. At the endof the pastMillennium, the multigrid techniquehasma-
tured to the level of practicalindustrialapplications. The progressin developingan alge-
braicmultigrid hasmadepossibleimplementingef�cient algebraicmultigrid preconditioners
in commercialcodes. Linear andnonlinearmultigrid solvershave establisheda new high
standardof effectivenessfor the numericalsolutionof partial differentialequations.Using
multigrid for eigenvalueproblemshasalsoattractedsigni�cant attention.

Let us �rst presentherea shortandinformal overview of differentmultigrid- basedap-
proachesfor numericalsolutionof eigenvalueproblems.

The most traditional multigrid approachto an eigenvalue problem is to treat it as a
nonlinearequationand, thus, to apply a nonlinearmultigrid solver; e.g., an FAS (full ap-
proximationscheme)[7], sometimesexplicitly tunedfor theeigenvaluecomputations,e.g.,
[4, 5, 24, 25, 26, 27, 28, 29, 30].

Suchasolvercanoftenbereadilyappliedto nonlineareigenvalueproblems;see[10, 11]
for theFAS appliedto thenonlinearSchr̈odinger-Poissonequationsand[5] for a homotopy
continuationmethods.For lineareigenvalueproblems,this techniquemaynotbealwaysef�-
cient. It maynotbeableto take advantageof speci�c propertiesof eigenvalueproblems,if a
generalnonlinearsolver is used.Tuninga nonlinearcodefor eigenvaluecomputationsmay,
on the otherhand,requireelaborateprogramming.Nonlinearmultigrid eigensolversoften
involve specialtreatmentof eigenvalueclusters,which furthercomplicatestheir codes.An-
otherknown drawbackis highapproximationrequirementsoncoarsegrids,whenanonlinear
multigrid solverneedsaccurateeigenfunctionsoncoarsegrids,cf. [26].

The secondpopularapproachis to usean outer eigenvaluesolver, e.g., the Rayleigh
quotientiteration(RQI) [43], which requiressolving linear systemswith a shiftedstiffness
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matrix. Themultigrid is usedasan innersolver in suchinner-outeriterations.TheNewton
methodfor theRayleighquotient[1] or ahomotopy continuation[40, 60] canbeusedhereas
anoutermethodinsteadof RQI, which allows oneto considersuchmethodsalsoin the�rst
category, i.e.nonlinearsolvers.Theuseof theshiftedstiffnessmatrixtypically leadsto avery
fastconvergenceof theouteriterativesolverprovideda highaccuracy of theinneriterations,
but requiresaspecialattentionasthelinearsystems,solvedby multigrid, arenearlysingular,
e.g., [9]. In the well-known Jacobi–Davidsonmethod[48, 52], this dif�culty is somewhat
circumventedby introducinga correctionequation,which canbe solvedby multigrid [27].
Theproblemof choosingaproperstoppingcriteriafor innermultigrid iterationsis nontrivial
asthechoicemaysigni�cantly affect theeffectivenessof theinner-outerprocedure.

More complex variantsof the multigrid shift-and-invert methods,wherethe grids are
changedin outeriterationsaswell, areknown, e.g.,[56]. In [57, 58], sucha multigrid tech-
niqueis adoptedfor so–calledsourceiterationmethodsof solvingspectralproblemsfor sys-
temsof multigroupdiffusionequationsdescribingthesteadystateof nuclearreactors,andits
implementationfor thepopularRussianWWERandBN reactorsis described.

A verysimilar techniqueis to usetheclassicalinverseiterations,ofteninversesubspace
iterations,asanoutersolverandthemultigrid asaninnersolverfor systemswith thestiffness
matrix, e.g.,[3, 42]. The linearconvergenceof thetraditionalinverseiterationsis known to
be slower comparedto usually super-linear, e.g., cubic in somecases,convergenceof the
shift-and-invert iterationsdiscussedin the previous paragraph,but one doesnot facenow
the troublesof nearlysingularlinear systems.Moreover, whenthe systemsaresolved in-
accuratelyby inner iterations,which is desiredto reducethenumberof innersteps,the fast
convergenceof shift-and-invertouteriterationsis typically lost. In thiscase,theconvergence
speedof outeriterationsbasedontheinverseof thestiffnessmatrixandontheshift-and-invert
techniquesmaybecomparable;e.g.,see[53] for comparisonof inexactinverseandRayleigh
quotientiterations.

Thereareothermethods,speci�cally designedmultigrid eigensolvers,thatdonot �t our
classi�cationabove,e.g.,multilevel minimizationof theRayleighquotient[9, 41], calledthe
Rayleighquotientmultigrid (RQMG). This methodhasbeenintegratedinto anadaptive 2D
Helmholtzeigensolverusedfor designingintegratedopticalchips[12, 13].

A classof methodswe want to discussin detailsin the presentpaperhastwo distinc-
tive features: thereare no inner-outer iterationsand the multigrid can be usedonly as a
preconditioner, not asa completelinear solver, nor asan eigensolver. Thesemethodsare
usuallycalledpreconditionedgradientmethodsashistorically the �rst methodof this kind,
suggestedin [51], minimizesthe Rayleighquotienton every iteration in the direction of
the preconditionedgradient. They have beenstudiedmostly in the Russianliterature;see,
e.g., [17, 21, 23, 32, 34] as well as the monograph[18] and a recentsurvey [35], which
includeextensive bibliography. The mostpromisingpreconditionedgradienteigensolvers,
the locally optimal preconditionedconjugategradient(LOPCG)methodand its block ver-
sion (LOBPCG),suggestedandanalyzedin [33, 34, 35, 36], shall play themainrole in the
presentpaper.

Let us brie�y mentionheresomerelevant andeven morerecentresultsfor symmetric
eigenproblems.Paper[49] obtainsasymptoticconvergencerateestimateof thegeneralized
Davidsonmethodsimilar to thatby [51] for thepreconditionedsteepestdescent.In [44, 45],
the secondauthorof the presentpaperderives the �rst sharp nonasymptoticconvergence
rateestimatesfor the simplestmethodin the class,the preconditionedpower methodwith
a shift, called in [44, 45] the preconditionedinverseiteration (PINVIT) method. In [46],
theseestimatesaregeneralizedto similar subspaceiterations. The mostrecentwork, [37],
writtenby theauthorsof thepresentpaper, �nds ashortandelegantsimpli�cation of estimates
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of [44, 45, 46] andextendsthe resultsto generalizedsymmetriceigenproblems.We shall
describeoneof themainestimatesof [37] in Section4.

Preconditionedgradientmethodscanbeeasilylinkedto theinexactinner-outeriterative
solversdiscussedearlierin thesection.PINVIT is interpretedin [44, 45] asaperturbationof
theclassicalinverseiterations.ThesamemethodcanbealsoviewedasaninexactRQI with
only onestepof a preconditionedlinear iterative solver performedon every outeriteration,
e.g.,[32, 34].

Preconditionedgradientmethodsfor computingseveralextremeeigenpairsof symmetric
eigenvalueproblemshaveseveraladvantagescomparedto otherpreconditionedeigensolvers:

� algorithmicsimplicity;
� low costsperiterationandminimalmemoryrequirements;
� practicalrobustnesswith respectto initial guesses;
� robustcomputationof eigenvalueclustersasa resultof usingblock methodsasthat

by theclassicalinversesubspaceiterations;
� fastconvergence,comparableto that of the block Lanczosappliedto A� 1B, when

a goodpreconditionerandan advancedpreconditionedgradientmethod,e.g., the
LOBPCGmethod,areused;

� designedto operatein a matrix-freeenvironmentandequallyef�cient for regular,
Ax= l x, andgeneralized,Ax= l Bx, symmetriceigenvalueproblems;

� relatively well developedtheory, which, in particular, guaranteesoptimal,with re-
spectto themeshsize,convergencewith multigrid preconditioning;

� trivial multigrid implementation,e.g.,simply by usingblack-boxmultigrid precon-
ditioningof thestiffnessmatrix.

Themaindrawbackof presentpreconditionedgradientmethodsis their inability to com-
puteef�ciently eigenvaluesin a given interval in the middle of the spectrum.For this and
nonsymmetriccases,wereferthereaderto preconditionedshift-and-invertmethodsreviewed
in [2].

Multigrid preconditionedgradientmethodsarepopularfor applications,e.g.,in structural
dynamics[8] andin electronicstructurecalculationsfor carbonnanotubes[22], wheretwo
slightly differentversionsof theblockpreconditionedsteepestdescentareused.

Preconditioningfor gradientmethodsis not limited to multigrid, e.g., bandstructure
calculationsin two- and three-dimensionalphotoniccrystalsin [15, 16] areperformedby
usingthefastFouriertransformfor thepreconditioning.

Someeigenvalueproblemsin mechanics,e.g.,vibrationof abeamsupportedby springs,
leadto equationswith nonlineardependenceonthespectralparameter. Preconditionedeigen-
solversfor suchequationsareanalyzedin [54, 55], where,in particular, a generalizationof
thetheoryof a preconditionedsubspaceiterationmethodof [19, 20] is presented.

Here,we usemultigrid only asa preconditionerso that all iterationsareperformedon
the �nest grid. This implementationseparatescompletelyiterative methodsfrom the grid
structure,which signi�cantly simpli�es the codeand,we repeat,allows the useof black-
box multigrid, e.g., oneof algebraicmultigrid preconditioners.Our recommendedchoice
to preconditionthe stiffnessmatrix without any shifts further simpli�es the algorithmasit
removesa possibility of having singularitiestypical for preconditioningof shiftedstiffness
matrices.

In researchcodes,well-known multigrid tricks could alsobe used,suchasnestediter-
ations,where�rst iterationsareperformedon coarsergrids andthegrid is re�ned with the
numberof iterations,e.g.,[18]. We note,however, thatdoing sowould violate the off-the-
shelfandblack-boxconcepts,thus,signi�cantly increasingthecodecomplexity. Neverthe-
less,adaptive meshre�nementstrategiesareavailablefor the eigenproblem[47] wherethe
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adaptive eigensolver is basedon the�nite elementcodeKASKADE [14]. Theef�ciency of
suchschemeshasbeendemonstratedin [12, 39].

Let us �nally highlight that in the multigrid preconditionedgradienteigensolverswe
recommend,noeigenvalueproblemsaresolvedoncoarsegrids;thus,thereareno limitations
on thecoarsegrid sizeassociatedwith approximationof eigenfunctions.

The rest of the paperis organizedas follows. Section2 introducesthe notationand
presentsmainassumptions.In Section3, we describetheLOBPCGmethodof [33, 34, 35,
36], anda simpler, but slower, method,the block preconditionedsteepestdescent(BPSD),
analyzedin [6]. Section4 reproducesthemostrecentconvergencerateestimatefor thetwo
methods,derivedin [37].

Numericalresultsfor a modelproblem,the Laplacianon the unit square,usinga few
typical choicesof themultigrid preconditioningaregivenin Section5. We compareseveral
preconditionedeigensolvers: PSD,LOPCGandtheir block versions.Thesenumericalex-
perimentsprovide clearevidencefor regardingLOBPCGaspracticallytheoptimal scheme
(within that classof preconditionedeigensolverswe consider).Moreover, we comparethe
LOBPCGmethodwith thepreconditionedlinear solvers: the standardpreconditionedcon-
jugategradient(PCG)methodfor Ax = b andthe PCGappliedto computinga null–space
of A � l minB (seeour notationin the next section),called PCGNULL in [36]. The latter
experimentssuggestthatLOBPCGis agenuineconjugategradientmethod.

2. Mesh symmetric eigenvalue problems. We considera generalizedsymmetricpos-
itive de�nite eigenvalueproblemof the form (A � l B)x = 0 with real symmetricpositive
de�nite n-by-n matricesA andB. Thatdescribesa regularmatrix pencilA� l B with a dis-
cretespectrum(setof eigenvaluesl ). It is well known that the problemhasn realpositive
eigenvalues

0 < l min = l 1 � l 2 � : : : � l n = l max;

andcorresponding(right) eigenvectorsxi , satisfying(A� l iB)xi = 0, which canbe chosen
orthogonalin thefollowing sense:(xi ;Axj ) = (xi ;Bxj ) = 0; i 6= j:

In our notation,A is thestiffnessmatrix andB is themassmatrix. In someapplications,
thematrixB is simplytheidentity, B= I , andthenwehavethestandardsymmetriceigenvalue
problemwith matrixA. For preconditionedgradienteigensolvers,it is not importantwhether
thematrixB is diagonal;thus,amasscondensationin the�nite elementmethod(FEM) is not
necessary.

We considertheproblemof computingm smallesteigenvaluesl i andthecorresponding
eigenvectorsxi .

Let T be a real symmetricpositive de�nite n-by-n matrix. T will play the role of the
preconditioner;moreprecisely, anapplicationof apreconditionerto agivenvectorx mustbe
equivalentto thematrix vectorproductTx. In many practicalapplications,T, aswell asA
andB, is notavailableasamatrix,but only asa functionperformingTx, i.e.,we operatein a
matrix–freeenvironment.TheassumptionthatT is positive de�nite is crucialfor thetheory,
but T doesnothave to be�x ed,i.e. it maychangefrom iterationto iteration.This �e xibility
mayallow usto usea wider rangeof smoothersin multigrid preconditioning.

When solving a linear systemwith the stiffnessmatrix, Ax = b, it is evident that the
preconditionerT shouldapproximateA� 1. For eigenvalueproblems,it is not really clear
what the optimal target for the preconditioningshouldbe. If one only needsto compute
thesmallesteigenvaluel 1, onecanargue[34] that theoptimalpreconditionerwould bethe
pseudoinverseof A� l 1B.

Choosingthe stiffnessmatrix A as the target for preconditioningin mesheigenvalue
problemsseemsto bea reasonablypracticalcompromise,thoughit maynot be theoptimal
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choicefrom a purely mathematicalpoint of view. On the onehand,it doesprovide, aswe
shall seein Section4, theoptimal convergencein a sensethat the rateof convergencedoes
not deterioratewhenthemeshgets�ner. On theotherhand,it simpli�es thetheoryof block
preconditionedeigensolversandstreamlinesthecorrespondingsoftwaredevelopment.

To this end,let usassumethat

d0(x;Tx) � (x;A� 1x) � d1(x;Tx); 8x 2 Rn; 0 < d0 � d1:(2.1)

Theratiod1=d0 canbeviewedasthespectralconditionnumberk(TA) of thepreconditioned
matrix TA andmeasureshow well the preconditionerT approximates,up to a scaling,the
matrix A� 1. A smallerratio d1=d0 typically ensuresfasterconvergence.For meshproblems,
matricesA� 1 andT arecalledspectrally equivalentif the ratio is boundedfrom above uni-
formly in themeshsizeparameter;see[18]. For variablepreconditioners,westill requirethat
all of themsatisfy(2.1) with thesameconstants.

3. Algorithms: the block preconditionedsteepestdescentand the locally optimal
block preconditionedconjugategradient method. In thepresentpaper, we shallconsider
two methods:the preconditionedsteepestdescent(PSD)andthe locally optimal precondi-
tionedconjugategradientmethod(LOPCG)aswell astheir block analogs:the block pre-
conditionedsteepestdescent(BSPD)andthelocally optimalblockpreconditionedconjugate
gradientmethod(LOBPCG),in theform they appearin [34, 36].

For brevity, we reproduceherethealgorithmsin theblock form only. Thesingle-vector
form is simply the particularcasem = 1, wherem is the block size, which equalsto the
numberof soughteigenpairs.

First,wepresentAlgorithm 3.1of theBPSDmethod,which is somewhatsimpler.

ALGORITHM 3.1: BPSD.
Input: m startingvectorsx(0)

1 ; : : : x(0)
m ; functionsto compute:matrix-vectorproducts

Ax, BxandTx for a givenvectorx andthevectorinnerproduct(x;y).

1. Start:selectx(0)
j ; andsetp(0)

j = 0; j = 1; : : : ;m.
2. Iterate:For i = 0; : : : ; Until ConvergenceDo:
3. l (i)

j := (x(i)
j ;Ax(i)

j )=(x(i)
j ;Bx(i)

j ); j = 1; : : : ;m;

4. r j := Ax(i)
j � l (i)

j Bx(i)
j ; j = 1; : : : ;m;

5. w(i)
j := Tr j ; j = 1; : : : ;m;

6. UsetheRayleigh–Ritzmethodfor thepencilA� l B on thetrial subspace
spanf w(i)

1 ; : : : ;w(i)
m ;x(i)

1 ; : : : ;x(i)
m g to computethenext iteratex(i+ 1)

j
asthe j-th Ritz vectorcorrespondingto the j-th smallestRitz value, j = 1; : : : ;m;

7. EndDo
Output: theapproximationsl (i+ 1)

j andx(i+ 1)
j to thesmallesteigenvalues

l j andcorrespondingeigenvectors,j = 1; : : : ;m.

A differentversionof thepreconditionedblocksteepestdescentis describedin [8], where
theRayleigh–Ritzmethodon step6 is split into two parts,similar to thatof theLOBPCGII
methodof [36] whichwediscusslater. Otherdifferentversionsareknown,e.g.,thesuccessive
eigenvaluerelaxationmethodof [50]. Our theoryreplicatedin thenext sectioncoversonly
theversionof thepreconditionedblocksteepestdescentof Algorithm 3.1.

Our secondAlgorithm 3.2 of theLOBPCGmethodis similar to Algorithm 3.1, but uti-
lizesanextrasetof vectors,analogousto conjugatedirectionsusedin thestandardprecondi-
tionedconjugategradientlinearsolver.
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ALGORITHM 3.2: LOBPCG.
Input: m startingvectorsx(0)

1 ; : : : x(0)
m ; functionsto compute:matrix-vectorproducts

Ax, BxandTx for a givenvectorx andthevectorinnerproduct(x;y).

1. Start:selectx(0)
j ; andsetp(0)

j = 0; j = 1; : : : ;m.
2. Iterate:For i = 0; : : : ; Until ConvergenceDo:
3. l (i)

j := (x(i)
j ;Ax(i)

j )=(x(i)
j ;Bx(i)

j ); j = 1; : : : ;m;

4. r j := Ax(i)
j � l (i)

j Bx(i)
j ; j = 1; : : : ;m;

5. w(i)
j := Tr j ; j = 1; : : : ;m;

6. UsetheRayleigh–Ritzmethodfor thepencilA� l B on thetrial subspace
spanf w(i)

1 ; : : : ;w(i)
m ;x(i)

1 ; : : : ;x(i)
m ; p(i)

1 ; : : : ; p(i)
m g to computethenext iterate

x(i+ 1)
j := å k= 1;:::;ma(i)

k w(i)
k + t (i)

k x(i)
k + g(i)

k p(i)
k

asthe j-th Ritz vectorcorrespondingto the j-th smallestRitz value, j = 1; : : : ;m;
7. p(i+ 1)

j := å k= 1;:::;ma(i)
k w(i)

k + g(i)
k p(i)

k ;
8. EndDo

Output: theapproximationsl (i+ 1)
j andx(i+ 1)

j to thesmallesteigenvalues
l j andcorrespondingeigenvectors,j = 1; : : : ;m.

Here,on Step6 thescalarsa (i)
k ; t (i)

k ; andg(i)
k arecomputedimplicitly ascomponentsof

thecorrespondingeigenvectorsof theRayleigh–Ritzprocedure.
We want to highlight that the main loop of Algorithm 3.2 of LOBPCGcanbe imple-

mentedwith only oneapplicationof thepreconditionerT, onematrix-vectorproductBx and
onematrix-vectorproductAx, periteration;see[36] for details.

Storagerequirementsaresmall in bothAlgorithms 3.1 and3.2: only severaln-vectors,
andnon-by-n matricesat all. Suchmethodsaresometimescalledmatrix-free.

For thestoppingcriterion,wecomputenormsof thepreconditionedresidualw(i) onevery
iteration.Residualnormsprovideaccuratetwo-sidedboundsfor eigenvaluesanda posteriori
errorboundsfor eigenvectors;see[32].

A differentversionof theLOBPCG,calledLOBPCGII, is describedin [36], wherethe
Rayleigh–Ritzmethodon step6 of Algorithm 3.2 is split into two parts.There,on the �rst
stage,theRayleigh–Ritzmethodis performedm timeson three-dimensionaltrial subspaces,
spannedby w(i)

j , x(i)
j , andp(i)

j , j = 1; : : : ;m, thus,computingm approximationsto theeigen-
vectors.In thesecondstage,theRayleigh–Ritzmethodis appliedto them-dimensionalsub-
space,spannedby theseapproximations.In thisway, theRayleigh–Ritzmethodis somewhat
lessexpensiveandcanbemorestable,asthedimensionof thelargetrial subspaceis reduced
from 3m to m. We do not yet have enoughnumericalevidenceto suggestusingLOBPCGII
widely, eventhoughasimilarpreconditionedblocksteepestdescentversionof [8] is success-
fully implementedin anindustrialcodeFinite ElementAggregationSolver (FEAGS).

Otherversionsof LOBPCGarepossible,e.g.,thesuccessiveeigenvaluerelaxationtech-
niqueof [50] canbetrivially appliedto theLOBPCG.However, only theoriginal versionof
theLOBPCG,shown in Algorithm 3.2, is supportedby our theoryof thenext section.

ComparingtheBPSDandLOBPCGalgorithms,onerealizesthat theonly differenceis
thattheLOBPCGusesanextrasetof directionsp(i)

j in thetrial subspaceof theRayleigh–Ritz
method.In single-vectorversionsPSDandLOPCG,whenm = 1, this leadsto a difference
betweenusingtwo andthreevectorsin the iterative recursion.Sucha small changeresults
in considerableacceleration,particularlysigni�cant whenthepreconditioneris not of a high
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quality, asdemonstratednumericallyin [34, 35]. In Section5, weobservethiseffectagainin
ournumericaltestswith multigrid preconditioning.

A seeminglynaturalidea is to try to acceleratethe LOPCGandLOBPCGby adding
morevectorsto thetrial subspace.Let usexplorethispossibilityfor thesinglevector(m= 1)
method,LOPCG,by introducinga groupof methodswe call LOPCG+ k, k � 1 in Section5.
It is explainedin [36] that in our Algorithm 3.2with m= 1 thetrial subspacecanbewritten
in two alternative forms:

span
n

w(i) ;x(i) ; p(i)
o

= span
n

w(i) ;x(i) ;x(i� 1)
o

:

Hereanduntil theendof thesectionwedropthelower index j = 1 for simplicity of notation.
Theformerformulafor thesubspace,usedin Algorithm 3.2, is morestablein thepresenceof
round-off errors.Thelatterformulais simplerandoffersaninsightfor apossiblegeneraliza-
tion: for a �x edk � 1 wede�ne themethodLOPCG+ k by usingthefollowing extendedtrial
subspace

span
n

w(i) ;x(i) ;x(i� 1) ; : : : ;x(i� 1� k)
o

in theRayleigh-Ritzmethod.Whenk is increased,thetrial subspacegetslarger, thusprovid-
ing apotentialfor animprovedaccuracy.

WetestnumericallyLOPCG+ k methodsfor afew valuesof k, seeSection5, andobserve
no noticeableaccuracy improvementat all. Basedon thesenumericalresults,we cometo
the sameconclusionasin [36], namely, that the LOPCGmethodis apparentlythe optimal
preconditionedeigensolvers; in particular, it cannotbe signi�cantly acceleratedby adding
morevectorsto thetrial subspace.

This conclusion,however, is not yet supportedby a rigoroustheory. In thenext section,
we discussknown theoreticalresultsfor BPSDandLOBPCGmethods.

4. Available theory. Thefollowing resultof [37] providesuswith a shortandelegant
convergencerateestimatefor Algorithms3.1and3.2.

THEOREM 4.1. Thepreconditioneris assumedto satisfy(2.1) on every iteration step.
For a �xed index j 2 [1;m], if l (i)

j 2 [l kj ; l kj + 1[ thenit holdsfor theRitzvaluel (i+ 1)
j com-

putedbyAlgorithm3.1, or 3.2, thateitherl (i+ 1)
j < l kj (unlessk j = j), or l (i+ 1)

j 2 [l kj ; l
(i)
j [ .

In thelatter case,

l (i+ 1)
j � l kj

l kj + 1 � l (i+ 1)
j

�
�
q

�
k(TA); l kj ; l kj + 1

�� 2 l (i)
j � l kj

l kj + 1 � l (i)
j

;(4.1)

where

q
�
k(TA); l kj ; l kj + 1

�
= 1�

�
1�

k(TA) � 1
k(TA) + 1

�  

1�
l kj

l kj + 1

!

:(4.2)

In thecontext of multigrid preconditioning,themostimportantfeatureof thisestimateis
that is guaranteestheoptimal,with respectto themeshsize,convergencerate,providedthat
k(TA) is uniformly boundedfrom abovein themeshsizeparameterh andthattheeigenvalues
of interestdo not containclusters,sothat l kj � l kj + 1 is largecomparedto h. Estimate(4.1)
canbetrivially modi�ed to cover thecaseof multiple eigenvalues.
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For theblockcase,m> 1, thereis onlyoneothercomparablenonasymptoticconvergence
rateresult,but it is for asimplermethod,see[6]. Thisestimateis notapplicableto BPSDand
LOBPCGasit cannotbeusedrecursively.

For thesinglevectorcase,m= 1, which is, of course,muchsimpler, moreconvergence
resultsareknown,e.g.,see[32, 34, 35, 36, 37] andreferencesthere.In particular, anestimate
of [31, 32] for thePSDis in somecases,e.g.,for high quality preconditioners,sharperthan
that of Theorem4.1. Asymptotically this estimateis similar to the estimateof [51]. We
presentit in thenext sectionfor comparison.

Advantagesof theTheorem4.1arethat:
� it is applicableto any initial subspaces,
� theconvergencerateestimatecanbeusedrecursively,
� theestimatesfor the Ritz valuesareindividually sharpfor themostbasicPINVIT

scheme;see[37] for details,
� theconvergencerateestimatefor a�x edindex j is exactlythesameasfor thesingle–

vectorscheme,cf. [37].
One seriousdisadvantageof the estimate(4.2) is that it deteriorateswhen eigenvaluesof
interestl 1; : : : ; l m includea cluster. The actualconvergenceof Algorithms 3.1 and3.2 in
numericaltestsis known not to besensitive to clusteringof eigenvalues,andtheestimateof
[6] doescapturethis property, essentialfor subspaceiterations.

Theorem4.1 providesuswith theonly presentlyknown nonasymptotictheoreticalcon-
vergencerateestimateof theLOBPCGwith m> 1. Numericalcomparisonof PINVIT, PSD
andLOBPCGaccordingto [34, 35, 36] demonstrates,however, thattheLOBPCGmethodis
muchfasterin practice.Therefore,ourtheoreticalconvergenceestimateof Theorem4.1is not
sharpenoughyet to explain excellentconvergencepropertiesof theLOBPCGin numerical
simulations,whichwe illustratenext.

5. A numerical example. We consideran eigenproblemfor the Laplacianon [0;p]2

with the homogeneousDirichlet boundaryconditions. The problemis discretizedby using
linear�nite elementsonauniform trianglemeshwith thegrid parameterh = p=64and3969
innernodes.Thediscretizedeigenproblemis ageneralizedmatrixeigenvalueproblemfor the
pencilA� l B, whereA is thestiffnessmatrix for theLaplacianandB is themassmatrix.

Ourgoalis to testPSD,BPSD,LOPCGandLOBPCGmethodsusingmultigrid precon-
ditionersfor thestiffnessmatrix A:

� V(i; i)–cycle preconditionersperformingeachi stepsof Gauss–Seidelsymmetric
pre- andpost-smoothing(alternatively Jacobi–smoothing)on a hierarchyof grids
hl = p=2l , l = 2; : : : ;6, with theexactsolutionon thecoarsestgrid,

� ahierarchicalbasis(HB) preconditioner[59] for hl , l = 1; : : : ;6, sothatthecoarsest
�nite elementspaceconsistsonly of a singlebasisfunction.

5.1. Comparison of convergencefactors. To begin with, we comparethe computed
convergencefactorsfor the schemesPSD,LOPCG,PCGNULL andPCG,which areeach
startedwith thesameinitial vectorsout of 200randomlychosen.By PCGNULL we denote
thestandardPCGmethodappliedto thesingularsystemof linearequations

(A� l 1B)x1 = 0;

wherewe supposel 1 to be given; i.e., we computetheeigenvectorx1 asan elementof the
null–spaceof A� l 1B by PCG.PCGNULL wassuggestedby the�rst authorof thepresent
paperin [36] asa benchmark.For thePCGruns,whensolvingAx= b, we chooserandom
right–handsidesb.

In the following we apply the samepreconditionersto the eigensolversand to linear
solversPCGNULL andPCG;andwe consideronly preconditionersfor thestiffnessmatrix
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(4.2) (5.3) PSD (5.4) PCGNULL LOPCG PCGfor Ax= b
V(2;2) 0:43 0:30 0:26 0:15 0:13 0:13 0:03
V(1;1) 0:48 0:36 0:29 0:19 0:17 0:16 0:06

HB 0:96 0:96 0:9 0:76 0:7 0:7 0:7

TABLE 5.1
Actualandtheoretical convergencefactors.

A. We testtheV(i; i)–cycle preconditionersusingGauss–Seidelsmoothingfor i = 1;2 and
theHB preconditioner.

Theiterationsof PSDandLOBPCGarestoppedif l (i)
1 � l 1 is lessthan10� 8. In all our

teststhey convergefor eachrandominitial vectortried to theextremeeigenpair(u1; l 1). In
otherwords,iterationsdo not getstuckin eigenspacescorrespondingto highereigenvalues.
TheschemesPCGNULL andPCGarestoppedif (r;Tr) < 10� 10, wherer denotestheactual
residualvector:r = (A� l 1B)x in PCGNULL andr = Ax� b in PCG.

Thecomputedconvergencefactorsandcorrespondingtheoreticalestimatesarelistedin
Table5.1.

The convergencefactorsfor PSDandLOPCGin Table5.1 arethe meanvaluesof all
convergencefactors

vu
u
t l (i+ 1)

1 � l 1

l 2 � l (i+ 1)
1

l 2 � l (i)
1

l (i)
1 � l 1

(for all 200 initial vectors)computedfrom the numericaldatarecordedwhenl < l 2. The
convergencefactorsfor PCGNULL andPCGin Table5.1 arecomputedby calculatingthe
ratioof Euclideannormsof theinitial andthe�nal residualsandthentakingtheaverageratio
periteration.

Thetheoreticalconvergencefactorq givenby formula(4.2) of Theorem4.1is computed
asfollows. We �rst roughlyestimatethespectralconditionnumberof TA usingthe actual
convergencefactorsof PCG.Let qPCG be the convergencefactorof PCGasgiven in Table
5.1. FromthestandardPCGconvergencerateestimatewe get

qPCG �

p
k (TA) � 1

p
k (TA) + 1

;(5.1)

therefore,we take

k(TA) :=
�

1+ qPCG

1� qPCG

� 2

:(5.2)

Then,insertingthisk(TA) andl 1 = 2 andl 2 = 5 in (4.2) givesthecorrespondingcolumnof
Table5.1.

We also provide two other theoreticalconvergencerate factors,for the PSD and the
PCGNULL,correspondingly. They arebasedonthespectralconditionnumberk (T(A� l 1B)),
which is de�ned asa ratio of the largestandthesmallestnonzeroeigenvaluesof thematrix
T(A� l 1B). Namely, theasymptoticconvergenceratefactorof thePSDis

k (T(A� l 1B)) � 1
k (T(A� l 1B)) + 1

;(5.3)
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FIG. 5.1. LOPCGvs.PCGNULL.

see[31, 32, 51], while theconvergenceratefactorof thePCGNULL periterationis approxi-
matelyequal[36] to

p
k (T(A� l 1B)) � 1

p
k (T(A� l 1B)) + 1

:(5.4)

Accordingto Theorem3.1of [32],

k(T(A� l 1B)) � k(TA)
�

1�
l 1

l 2

� � 1

:(5.5)

Thus,knowing the valuesk(TA) from (5.2) and l 1 = 2, l 2 = 5 we computeconvergence
factors(5.3) and(5.4) andpresentthemin Table5.1.

Let usnow discussthenumericaldataof Table5.1. We �rst observe thatour theoretical
convergencefactorq given by (4.2) of Theorem4.1 doesprovide an upperboundfor the
actualconvergencefactors,thus supportingthe statementof Theorem4.1. However, this
upperboundis clearlypessimisticevenfor thePSD.Theasymptoticconvergenceratefactor
(5.3) �ts betterthe actualconvergencerateof the PSD.Let us notice,however, comparing
the�rst two lineswith thedatathatanimprovementof thequalityof thepreconditionerfrom
V(1;1) toV(2;2) reducesthevalueof q of (4.2) andacceleratestheactualconvergenceof the
PSD1:1 times,while thevalueof (5.3) getssmaller1:2 times.Thisobservationsuggeststhat
neither(4.2), nor (5.3) capturesaccuratelytheactualconvergencebehavior of thePSD.The
problemof obtaininga sharpnonasymptoticconvergencerateestimateof thePSDremains
open,exceptfor thecaseT = A� 1, whichwe discussat theendof thesubsection.

Equation(5.4) providesanaccurateestimateof theconvergencerateof thePCGNULL,
asexpected.

Theconvergencefactorsof LOPCGandthoseof PCGNULLarenearlyidenticalin Table
5.1. Thissupportsthesuppositionof [33] thattheconvergenceratefactorof LOPCGdepends
on k(TA) the sameway as the convergencerate factor (5.4) of PCGNULL; see[36] for
extensivenumericalcomparisonof LOPCGandPCGNULL.

A direct comparison,aspresentedin Table5.1, of the convergencefactorsof LOPCG
with thoseof PCGNULL must be donewith careas we tabulate different quantities: the
squarerootof ratiosof differencesof eigenvalueapproximationsfor theformer, but theratios
of theresidualsfor thelatter. We scrutinizethis potentialdiscrepancy by adirectcomparison
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FIG. 5.2. PSDandLOPCGwith V(2;2)–Gauss–Seidel(left) andHB (right) preconditioning.

of the convergencehistory lines for LOPCGandPCGNULL on Figure5.1. Both schemes
with the sameV(2,2) Gauss–Seidelpreconditionerareappliedto the sameinitial guess,in
this casesimply a vectorwith all componentsequalto one. For LOPCGwe draw theerror
l (i)

1 � l 1 aswell asthesquareof theEuclideannormof theresidualof theactualeigenvector
approximationand for PCGNULL only the squareof the Euclideannorm of the residual.
We observe not only a similar convergencespeedbut a striking correspondenceof theerror
history lines. This con�rms a conclusionof [36], which canalsobe drawn from Table5.1,
thattheLOPCGappearsasagenuineconjugategradientmethod.

Not surprisingly, knowing resultsof numericaltestsof [34, 35, 36], LOPCGconverges
signi�cantly fasterthanPSD,accordingto Table5.1. WeadditionallyillustratethisonFigure
5.2.

Figure5.2displaystheconvergencehistoryof PSDandLOPCGusingtheV(2;2) Gauss–
SeidelandHB preconditioners.Therein,l (i)

1 � l 1 is plottedversusthe iteration index for
15 different randomlychoseninitial vectors. The slopeof the bold line in Figure 5.2 is
determinedby (4.1) for q as given in the (4.2) column of Table 5.1, i.e., we have drawn
q2i(l 2 � l 1) againsttheiterationindex i.

Looking at the last columnof Table5.1, we noticethat the PCGfor the linear system
Ax = b convergesmuchfasterthanthePCGNULL for V(2;2) andV(1;1) preconditioners,
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but aboutwith the samespeedwhenthe HB preconditioneris used. The reasonfor this is
that the preconditionerT hereis chosento approximatethe stiffnessmatrix A without any
shifts, for the reasonsalreadydiscussedin the introduction. Therefore,accordingto (5.5),
PCGshouldalwaysconvergefasterthanthePCGNULL, but it would be mostly noticeable
for preconditionerof ahighquality. This is exactlythebehavior of actualconvergencefactors
of PCGNULLandPCGin Table5.1.

Our�nal commentsonTable5.1concernthedatain theraw correspondingto theV(2;2)
preconditioner. For our problem,this preconditionerprovidesan excellentapproximation
to the stiffnessmatrix with k(TA) � 1:1; thus, practically speaking,in this casewe have
T � A� 1 up to scaling.If T = A� 1 wehaveadditionaltheoreticalconvergencerateestimates
for eigensolverswe cancomparewith.

ThePSDmethodwith T = A� 1 is studiedin detailsin [38], wherea sharpconvergence
factoris obtained.In ournotationthatis

1� x
1+ x

= :25; wherex = 1�
l 1

l 2
= 0:6:(5.6)

LetusnotethattheearlierpresentedasymptoticPSDconvergencefactor(5.3) turnsinto (5.6),
whenk(TA) = 1. As k(TA) � 1:1 for theV(2;2) preconditioner, we get thevalue:25 from
(5.6) consistentwith theactualPSDconvergencefactor, which is in this case:26, andwith
thevalue:3 of (5.3).

The LOPCGmethodis not yet theoreticallyinvestigatedeven with T = A� 1. Instead,
let usshow heretheconvergencefactorof theclassicalLanczosmethod,appliedto �nd the
smallesteigenvalueof A� 1B. Thestandardestimate,basedonChebyshev polynomials,gives
thefollowing convergencefactorperiteration:

1�
p

x

1+
p

x
= 0:13:(5.7)

This is a perfect�t with the actualconvergencefactorof the LOPCG,which suggeststhat
LOPCGis a naturalextensionof the Lanczosmethodin the classof preconditionedeigen-
solvers.

5.2. The optimal convergenceof LOPCG. Next, wecompareresultsof PSD,LOPCG
andLOPCG+ k, whereweusetheV(2;2)–cyclepreconditionerwith two stepsof Jacobipre-
andpost-smoothingeach.

Figure5.3 displaysthe error l (i) � l 1 of the computedeigenvalueapproximationsl (i)

versusthe iteration numberi. Eachcurve representsthe caseof the poorestconvergence
toward l 1 for 100 randominitial vectors,the samefor eachscheme.The relatively poor
convergencein the �rst stepsaccountsfor attractionto eigenvaluesdifferentfrom l 1, when
l (i) > l 2. Theboldstraightline is drawn basedon thetheoreticalconvergencefactorq given
by (4.2) of Theorem4.1in ananalogousway asthatdescribedabove.

Theoutcomeof this experimentexempli�es that:
� Theconvergencefactorq of (4.2) is apessimisticupperboundfor PSDandLOPCG.
� PSDis slower thanLOPCG.
� Most importantly, LOPCGappearsastheoptimalschemeof thosetested,sincethe

slopeof the convergencecurves for LOPCG+ k, k = 1;2;3, is approximatelythe
sameastheoneof LOPCG,but LOPCG+ k, k > 0 methodsaremoreexpensive as
they involveoptimizationover largertrial subspaces.

Theoptimalityof LOPCGis describedby the�rst authorof thepresentpaperin [33, 36]
with moredetails.
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FIG. 5.3. Convergenceof PSD,LOPCGandLOPCG+ k, k = 1;2;3 for V(2;2)–Jacobi.

5.3. Convergenceof subspaceschemes.Here,we reporton the resultsof precondi-
tionedsubspaceiterationfor V(2;2) Gauss–Seidelpreconditioning.Therefore,we construct
a 7–dimensionalinitial subspaceU (0) 2 Rn� 7 whosekth columnis givenasthegrid restric-
tion of thefunction(x=p)k=2+ (y=p)k=3. Block versions,BPSDandLOBPCGareeachstarted
onU (0).

On Figure 5.4 we plot the differencesl (i)
j � l j , for j = 1; : : : ;4, versusthe iteration

numberi. The iteration is stoppedif l (i)
4 � l 4 � 10� 8. This is the caseafter 13 BPSD

iterationsbut only 8 LOBPCGsteps,whichagainshowsthesuperiorityof LOBPCG.
Figure 5.4 demonstratesseveral propertiesof LOBPCGthat we also observe in other

similar tests:
� Theconvergencerateis betterfor theeigenpairswith smallerindexes.
� For the�rst eigenpair, theconvergenceof theblockversionis fasterthantheconver-

genceof thesingle-vectorversion,i.e. theincreaseof theblocksizeof theLOBPCG
acceleratesconvergenceof extremeeigenpairs.

The LOBPCG in this test behaves similarly to the block Lanczosmethodappliedto
A� 1B.

5.4. Optimality with respectto the meshsize. In our�nal setof numericalsimulations
we testscalabilitywith respectto the meshsize. Accordingto the theoreticalconvergence
rateestimateswe alreadydiscussed,theconvergenceshouldnot slow down whenthemesh
gets�ner. Combinedwith well-known ef�ciency of multigrid preconditioning,this should
leadto overall costsdependinglinearlyon thenumberof unknowns.

Tocheckthesestatementsnumericallyfor ourmodelproblemweruntheLOPCGmethod
preconditionedusingV(2;2) Jacobifor theinitial vectorwith all componentsequalto oneon
a sequenceof uniform gridswith N = (2k � 1)2; k = 3; : : : ;10 nodes.After teniterationsthe
residualsdropbelow 10� 6 for all k, whichsupportstheclaim of a uniform in N convergence
rate.Thenumberof �ops, measuredby MATLAB, growsproportionallyto N1:1 in thesetests,
which is in a goodcorrespondencewith thetheoreticalpredictionof thelineardependence.

Conclusion.
� A short survey of multigrid–basedsolvers for symmetriceigenvalueproblemsis

presentedwith particularattentionto off-the-shelfandblack-boxmethods,which
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FIG. 5.4. PreconditionedsubspaceiterationsBPSDandLOBPCGwith V(2;2) preconditioning.

shouldallow solvingeigenvalueproblemswith minimal,or no,effort on thepartof
thedeveloper, takingadvantageof alreadyexistingalgorithmsandsoftware.

� A classof suchmethods,wherethe multigrid only appearsasa black-boxtool of
constructingthe preconditionerof the stiffnessmatrix, andthe baseiterative algo-
rithm is oneof well-known off-the-shelfpreconditionedgradientmethods,suchas
theLOBPCGmethod,is arguedto beareasonablechoicefor largescaleengineering
computations.

� The LOBPCGmethodcanbe recommendedaspracticallythe optimal methodon
thewholeclassof preconditionedeigensolversfor symmetriceigenproblems.

� Themultigrid preconditioningof thestiffnessmatrix is robustandpracticallyeffec-
tive for eigenproblems.

� Resultsof numericaltests,whichdemonstratepracticaleffectivenessandoptimality
of theLOBPCGmethodpreconditionedby thestandardV-cycle multigrid applied
to thestiffnessmatrixaredemonstrated.

� An ef�cient multigrid preconditioningof thestiffnessmatrix usedin theLOBPCG
methodleadsto a “textbookmultigrid effectiveness”for computingextremeeigen-
pairsof symmetriceigenvalueproblems.
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