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ABSTRACT

A tournament T is arc-traceable when each arc of the tournament is a part

of a hamiltonian path. We characterize arc-traceable upset tournaments and

show that this property is independent of the number of hamiltonian paths in

such tournaments. We show that non-arc-traceable tournaments have a specific

structure, and give several sufficient conditions for strong tournaments to be arc-

traceable, including Dirac-like minimum degree conditions, Ore-like conditions,

and irregularity conditions. In each case, we show that the result is best possible.

Next, we give some extremal results for arc-traceable tournaments, bounding the

number of arcs in a tournament that are not part of any hamiltonian path, and

finding the minimum number of vertices in a k-arc-strong tournament that is

not arc-traceable. Finally, we also consider the arc-traceable property in two

other classes of digraphs, semicomplete digraphs and local tournaments, both

of which share many properties with tournaments.
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1. Introduction and background

1.1 Prologue

Questions relating to paths and cycles in graphs and digraphs have been

studied extensively from a variety of perspectives. One of the most popular

questions in undirected graphs relates to determining the class of graphs that

contain a hamiltonian path or cycle. This basic question has been generalized

and specialized in many ways which has led to a number of deep and interesting

results (for a survey of such results, see [15]).

Our particular interest is a property of digraphs we call arc-traceable; an

arc-traceable digraph is one in which every arc is part of a path that includes

every vertex, i.e., a hamiltonian path. This question seems more difficult than

the related question for undirected graphs, studied by Balińska, Zwierzyński,

Gargano and Quintas ([2], [3] and [4]). As a result, we investigate arc-traceability

in the sub-class of digraphs known as tournaments. Tournaments have additional

structure that, in many cases, can be shown to guarantee arc-traceability. We use

this additional structure to investigate tournaments that are not arc-traceable.

In the next section, we provide some brief background material with an

emphasis on terminology and classical results related to digraphs and tourna-

ments. In Chapter 2, we review some more recent results specifically relating

to paths and cycles in digraphs and tournaments, and we develop a necessary

condition for a digraph to be arc-traceable. This necessary condition is used to

show that the study of arc-traceable tournaments can be restricted to studying

arc-traceable strong tournaments.
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Initially, we consider the question in the context of a sub-class of strong

tournaments known as upset tournaments, and in Chapter 3, we give a charac-

terization of arc-traceable upset tournaments. We use this characterization to

produce examples of tournaments that have many arcs that are not part of any

hamiltonian path (such arcs will be called non-traceable). We also develop some

techniques to demonstrate that arc-traceability is independent of the number of

hamiltonian paths in upset tournaments. In other words, arc-traceability in a

tournament is not merely a consequence of having many hamiltonian paths.

In Chapter 4, we broaden the investigation of arc-traceability to all strong

tournaments. We begin with some simple observations about sufficient condi-

tions for a strong tournament to be arc-traceable. From these basic observa-

tions, we then develop some necessary conditions for a strong tournament to be

non-arc-traceable. These conditions, in turn, yield many new and improved suf-

ficient conditions for arc-traceable tournaments, and a structure that we use to

construct minimal non-arc-traceable tournaments with many arc-disjoint paths

between every pair of vertices. We also use the structure of non-arc-traceable

tournaments to determine the maximal number of non-traceable arcs in a strong

n-tournament.

In Chapter 5, we briefly consider arc-traceability for digraphs in general. We

investigate arc-traceability in two classes of digraphs that include tournametns,

semicomplete digraphs and local tournaments. We also briefly consider some

questions closely related to arc-traceability in tournaments and these super-

classes of tournaments. The structure developed in Chapter 4 features promi-

nently in these questions, and we give examples that show how related structures
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occur in these contexts. These related questions suggest several directions for

future research.

1.2 Background

We begin with some of the fundamental results related to directed graphs

in general and tournaments in particular. We assume the reader is familiar with

the study of undirected graphs and suggest [10] as both a general resource and

for more detailed background on the following results for digraphs and [33] as a

resource for more information on tournaments.

A digraph D = (V, A) consists of a set V called vertices and a collection A

of ordered pairs of elements from V called arcs. Just as in the case of undirected

graphs the order of D is the number of vertices in V and the size of a digraph is

the number of arcs in A. Typically, the study of digraphs is restricted to those

digraphs in which vv /∈ A for every v ∈ V and there is at most one copy of each

of the remaining ordered pairs. Such a digraph is called strict, and when D is a

strict digraph, the collection of arcs is more commonly referred to as a set. Strict

digraphs are in a sense analogous to simple undirected graphs; graphs with no

loops and at most one edge joining each pair of vertices. Unless specifically

stated otherwise, we will assume that all digraphs are strict. For convenience,

we often simply write uv to represent the arc (u, v), and we will say that u

dominates v and write u → v when (u, v) is an arc of D . A subdigraph of a

digraph D = (V, A) is a digraph D′ = (S, T ) where both S ⊆ V and T ⊆ A. For

a set S ⊂ V , we define the induced subdigraph D[S] as the digraph with vertex

set S and arc set T = {(u, v) | (u, v) ∈ A and u, v ∈ S}. In other words, the

arcs of an induced subdigraph include all arcs that join two vertices in S. In

3



b

d
e

f

g

a c

aba c

d
d

e
e

f

g

Figure 1.1: A digraph and two subdigraphs, one induced.

Figure 1.1, we show an example of a strict digraph along with two subdigraphs.

The subdigraph on the right is induced, while the subdigraph on the left is not;

it includes the vertices c and d but not the arc from c to d.

The out-neighborhood of a vertex v is the set {u | vu ∈ A} and is denoted

N+
D (v) or N+(v) when the context is clear. Similarly, N−(v) = {u | uv ∈

A}. The out-degree (d+(v)) and in-degree (d−(v)) are defined as |N+(v)| and

|N−(v)|, respectively. Similar to graphs, we then let δ+ (δ−) be the smallest out-

degree (in-degree) and ∆+ (∆−) be the largest out-degree (in-degree) among all

the vertices of D. Additionally, we set δ0 = min(δ+, δ−) and ∆0 = max(∆+, ∆−).

When we are working with more than one digraph, we will use the notation

δ0(D), for example, to clarify the digraph to which we are referring.

A path in a digraph is a sequence of distinct vertices v1v2 . . . vk such that

vivi+1 ∈ A for each i, 1 ≤ i < k. If, in addition, vkv1 ∈ A, then the sequence is a
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cycle. The order of a path or cycle is the number of vertices in the sequence, and

the length is the number of arcs. Thus, a path of length l has order l− 1, while

a cycle of length l also has order l. Note, just as for graphs, any consecutive

subsequence of the vertices of a path or cycle is also a path. Conversely, we

will frequently want to combine two or more paths into larger paths. If P =

v1v2 . . . vk and Q = u1u2 . . . um are vertex disjoint paths, and vku1 ∈ A, then

we will denote the combined path v1 . . . vku1 . . . um simply as PQ. A digraph D

which contains no cycles is called acyclic.

Of particular interest is a path or cycle containing all the vertices of D, i.e.

a hamiltonian path or cycle. Just as for graphs, a digraph containing a hamil-

tonian cycle will be called hamiltonian and a digraph containing a hamiltonian

path will be called traceable (of course, every hamiltonian digraph is traceable

but not conversely). Figure 1.2 shows a digraph that is hamiltonian, with a

hamiltonian cycle highlighted by dashed arcs.

For undirected graphs, hamiltonian paths and cycles have been studied ex-

tensively. Two classic, early results are due to Dirac and Ore.

Theorem A (Dirac [11]). If G is a simple graph with at least three vertices

and δ(G) ≥ n
2

then G is hamiltonian.

Theorem B (Ore [30]). Let G be a simple graph. If d(u)+ d(v) ≥ n for every

pair of distinct non-adjacent vertices u and v, then G is hamiltonian.

We note that for strict digraphs, an analogue of Theorem A was given by

Ghouilá-Houri.

Theorem C (Ghoilá-Houri [13]). If D is a strict digraph with δ0 ≥ n
2
, then

D is hamiltonian.
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Figure 1.2: A hamiltonian digraph

Similarly, Theorem B has been generalized to strict digraphs by Woodall

[43]. Meyniel improved both of these results with the following:

Theorem D (Meyniel [26]). If D is a strongly connected strict digraph and

d+(u) + d−(u) + d+(v) + d−(v) ≥ 2n− 1 for every pair of vertices u and v such

that neither uv ∈ A(D) nor vu ∈ A(D), then D is hamiltonian.

A digraph is strongly connected or simply strong when for every pair of

distinct vertices u and v there exists both a path from u to v and a path from v

to u. Note, a single vertex digraph is always strong. As such, for any digraph D,

each vertex is contained in a strongly connected induced subdigraph of D. When

such a strong induced subdigraph is maximal, it is called a strong component of

D, and it is easy to see that these strong components must, in fact, partition

V . We then define a new digraph D∗, called the condensation of D by letting

V (D∗) be the set of strong components of D and A(D∗) = {DiDj | uv ∈ A for

some u ∈ Di, v ∈ Dj with i 6= j}. Again, it is easy to see that D∗ is an acyclic

digraph. For more information about the condensation of a digraph, see [36].
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In a strong digraph D, if the induced subdigraph D[S] is not strongly con-

nected for some S ⊂ V , then V \ S is called a cut-set of D. When D[S] is

strong for all sets S with |S| ≥ |V | − (d− 1), we say that D is d-connected and

we define κ(D) to be the smallest d such that D is d-connected. Analogously,

if D′ = (V, T ) is not strongly connected for some T ⊂ A, then A \ T is called

an arc cut-set, and we define κ′(D) as the smallest k such that D′ = (V, T )

is not strong for some T ⊂ A with |T | = |A| − k. We then we say that D is

k-arc-connected or k-arc-strong whenever k ≤ κ′(D). The digraph in Figure 1.2

is 2-arc-strong; both the solid arcs and the dashed arcs form hamiltonian cycles,

so removing any single arc still leaves a path between any two vertices. Note,

this digraph is not 2-connected, however, since removing the vertex x leaves no

path from u to v.

When two distinct non-adjacent vertices x and y are specified, an x, y-

separating-set is a set S of vertices such that every path from x to y contains

at least one vertex of S. Similarly, an x, y-separating-set of arcs is a set T of

arcs such that every path from x to y contains at least one arc of T (in this

case, we need not require that x and y be non-adjacent). In both cases, it is

easy to see that when there exist m paths from x to y that are internally vertex

disjoint (arc-disjoint) then the set S (T ) must contain at least one vertex (arc)

from each path. The converse also holds in both cases, a result referred to as

Menger’s Theorem. Menger’s Theorem is stated in a wide variety of ways, both

for graphs and digraphs. We give two variations here.

Theorem E (Menger [25]). Let D be a digraph and let x and y be distinct

non-adjacent vertices of D. The number of internally vertex disjoint paths from
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x to y equals the size of the smallest x, y-separating set. Similarly, for any

distinct (possibly adjacent) vertices x and y, the number of arc-disjoint paths

from x to y equals the size of the smallest x, y-separating set of arcs.

Our main focus will be on a special class of digraphs called tournaments.

A tournament is a directed graph D such that for any two distinct vertices u

and v, either uv ∈ A(D) or vu ∈ A(D) but not both. Typically, a tourna-

ment is denoted by T rather than D, and we will say T is an n-tournament

when |V (T )| = n. It is often helpful to think of an n-tournament as an orien-

tation of the complete graph Kn. From this perspective, it is immediate that

a tournament has no self-loops or cycles of length two. It is also clear that

|A(T )| = |E(Kn)| =
(

n
2

)
and that N−(v) and N+(v) partition the set V (T )\{v}

regardless of our choice of v. This also shows that d+(v) + d−(v) = n − 1 for

every vertex v. In accordance with the name tournament, we will often refer

to d+(v) as the score of the vertex v. We illustrate an 8-tournament in Figure

1.3. Clearly, drawing even relatively small tournaments is impractical due to

the large number of arcs.

It is also apparent, by considering the tournament as an orientation of a

complete graph, that any induced subdigraph of an n-tournament is also a tour-

nament. We simply refer to such an induced subdigraph as a subtournament,

and for the set U ⊂ V (T ) we denote the subtournament on the set U by T [U ].

When U = V (T )\S for some subset S, we simply write T−S instead of T [V \S].

If S = {v}, then we will abbreviate notation further and refer to T −{v} as Tv.

For any two subsets A and B of V (T ), there are exactly |A||B| arcs between

these two sets. When uv is an arc of T for every u ∈ A and v ∈ B, we will
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Figure 1.3: A tournament with eight vertices.

say A dominates B. Note, just as the tournament as a whole can be viewed as

an orientation of the complete graph, the arcs between the sets A and B can

be viewed as an orientation of the complete bipartite graph K|A|,|B|. When A

dominates B then this orientation is such that the arcs between A and B always

originate in A and terminate in B.

In addition to the traditional measures of in- and out-degrees in a tourna-

ment such as δ+, δ− and δ0, we also measure the irregularity of a tournament,

denoted i(T ) and defined as maxv∈V |d+(v) − d−(v)|. From this definition, we

see that i(T ) = 0 if and only if every vertex has equal in- and out-degree and

all of these values must then be exactly n−1
2

(and hence, n must be odd). Such

a tournament is called regular. When n is even, i(T ) ≥ 1 and in the case of

equality, the vertices have out-degree either n
2

or n
2
− 1. Such tournaments are

called near-regular or almost-regular.

Proposition 1.1. i(T ) = n− 1− 2δ0

Proof. If |d+(v)−d−(v)| > n−1−2δ0 for some v ∈ V , then we must have either
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d+(v) − d−(v) > n − 1 − 2δ0 or d−(v) − d+(v) > n − 1 − 2δ0. Substituting in

d+(v) + d−(v) for n − 1 into both equations and simplifying, we obtain either

d−(v) < δ0 or d+(v) < δ0, a contradiction. Thus, i(T ) ≤ n − 1 − 2δ0. To

complete the proof, note that

max
v∈V

|d+(v)− d−(v)| ≥max(∆+ − δ−, δ+ −∆−)

≥max
(
(n− 1− δ−)− δ−, δ+ − (n− 1− δ+)

)
≥max(n− 1− 2δ−, n− 1− 2δ+)

≥ n− 1− 2 min(δ−, δ+)

≥ n− 1− 2δ0.

For any tournament T = (V, A), we can order the vertices v1, v2, . . . , vn in

such a way that d+(vi) ≤ d+(vj) for every i < j. If we let d+(vi) = si for

1 ≤ i ≤ n, this ordering gives a non-decreasing sequence S = s1, s2, s3, . . . , sn

of length n. This sequence is called the score sequence of the tournament T . It

is clear that
∑n

i=1 si = |A| =
(

n
2

)
since each arc is counted exactly once in the

sequence. Also, the subset Vk = {v1, v2, . . . , vk} induces a subtournament for

each k < n, so we also must have
∑k

i=1 si ≥ |A(T [Vk])| =
(

k
2

)
for each k < n.

Landau [23] showed that these necessary conditions are also sufficient. Thus,

any non-decreasing sequence S = s1, s2, . . . , sn such that

k∑
i=1

si ≥
(

k

2

)
for each k, 1 ≤ k < n

10



and
n∑

i=1

si =

(
n

2

)
is the score sequence for some tournament T .

A tournament is transitive if A(T ) induces a transitive (and hence acyclic)

relation on the set V (T ). Furthermore, since A(T ) is anti-symmetric and every

pair of vertices is joined by an arc, every pair of vertices is comparable under this

transitive relation and thus gives a total ordering of the set V (T ). If V (T ) =

{v1, . . . , vn}, with the subscripts corresponding to this order, then vivj ∈ A(T ) if

and only if i > j and hence d+(vi) = i−1 (or, of course, vivj ∈ A(T ) if and only

if i < j, in which case d−(vi) = i− 1; we generally prefer the former ordering).

It is well known (c.f. [36]) that a tournament is transitive if and only if it is

acyclic.

Note, if a tournament T is strongly connected, the condensation digraph T ∗

consists of a single vertex, which is trivially transitive. If T is not strongly con-

nected, then because T is an orientation of the complete graph, the underlying

graph of T ∗ is also complete, and so T ∗ is also a tournament. Furthermore, T ∗

is by definition acyclic, and hence T ∗ is a transitive tournament.

If T = (V, A), for any B ⊆ A, we can form a new tournament T ′ by

“reversing” the arcs of B. More specifically, let B = {uv | vu ∈ B}, then

T ′ = (V, (A \ B) ∪ B). Two special cases are of particular interest. First, when

B = A, we will call T ′ the reversal of T and denote this tournament T . Note,

paths and cycles in T are also paths and cycles in T . The second special case

is when the T ′ obtained is a transitive tournament, and in this case we can use

the transitive ordering of V (T ′) on V (T ) as well. Using this ordering, in which

11



vivj is an arc of T ′ whenever i > j, B is precisely the set or arcs vivj in T such

that i < j and the arcs of B are sometimes referred to as the upset arcs of the

tournament. Using this idea, we develop a simplified way to draw a tournament.

We place the vertices in a linear order, and make the arc from u to v implicit

if u comes after v in this ordering. In other words, we only draw the arcs of B.

Figure 1.4 uses this technique to represent the same tournament shown in Figure

1.3. In all subsequent figures, we will use this technique to drawn tournaments

as well as similar digraphs. In some cases, we may also draw a small number

of the non-upset arcs when these arcs are of particular interest (to highlight

non-traceable arcs, for example). Note, each ordering of V (T ) determines a set

of upset arcs B and if we choose the ordering badly, the set B can be large,

which minimizes the advantage of drawing only the upset arcs. We will avoid

such orderings. Further simplifying our figures, we will use a similar technique

for the condensation of tournaments that are not strong; we will represent the

non-trivial components of the tournament with large circles or ellipses, often

without specifying the internal structure of these strong components. Further-

more, using a top-to-bottom or left-to-right ordering of these components, we

need not draw in any arcs at all as the condensation is a transitive tournament.

Finally, we will sometimes wish to illustrate most of the arcs of a tournament,

but leave the direction of one or more arcs unspecified. We will indicate such

unspecified arcs with a dashed line.

When V (T ) has some ordering such that the set B = {vivj | i < j} is

the arc set of a path U from v1 to vn, T is called an upset tournament and

the path U is called the upset path of T . Since reversing the arcs of any path

12



Figure 1.4: A simplified representation of a tournament

leaves the degrees of the interior vertices unchanged, d+
T (vi) = d+

T ′(vi) = i − 1

for each i, 2 ≤ i ≤ n − 1. Similarly, d+
T (v1) = d+

T ′(v1) + 1 = 0 + 1 = 1 and

d+
T (vn) = d+

T ′(vn) − 1 = n − 1 − 1 = n − 2. Thus, an upset tournament has

score sequence 1, 1, 2, . . . , n − 3, n − 2, n − 2. Brualdi and Li [9] showed the

converse of this result is also true; that any tournament with this sore sequence

is an upset tournament. The tournament in Figures 1.3 and 1.4 is an example

of an upset tournament. These two figures also show the advantage of using our

simplified representation in the case of upset tournaments; it is easy to see that

the tournament in Figure 1.4 is an upset tournament, but this is far from clear

by looking at the same tournament in Figure 1.3 with all the arcs drawn.

Upset tournaments form a very natural sub-class of tournaments, because

they are very nearly hereditary. While it is not true that every subtournament

of an upset tournament is itself an upset tournament, it turns out that every

non-trivial strong component of such a subtournament is an upset tournament.

In particular, every strong subtournament of an upset tournament is an upset

tournament.
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2. Paths and cycles in tournaments

The study of hamiltonian paths and cycles in tournaments began with the

very early result of Rédei.

Theorem F (Rédei [32]). Every tournament is traceable.

Similarly, strong tournaments were shown to be hamiltonian independently

by Foulks and by Harary and Moser (this is also implied by Theorem D).

Theorem G (Foulkes [12] and Harary and Moser [18]). Every strong

tournament is hamiltonian.

As a result, the investigation of hamiltonian paths and cycles in tournaments

focuses on stronger conditions than the existence of at least one hamiltonian path

or cycle. We survey a few of these stronger conditions, beginning with results

for cycles in tournaments, and then turning our attention to paths.

2.1 Cycles in tournaments

One of the first results generalizing hamiltonicity in tournaments is due to

Moon. He showed that every strongly connected tournament has a property he

called vertex-pancyclic.

Theorem H (Moon [29]). If T is a strong tournament, and v is any vertex

of T , then v is in a cycle of length k for 3 ≤ k ≤ n.

We note that a similar property does not hold for the arcs of a strong tourna-

ment. Consider the tournament with six vertices shown in Figure 2.1. Reversing
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the arc a from the bottom vertex to the top vertex gives a tournament T ′ with

two strong components, each of order three. Any cycle of this tournament that

does not use the arc a is also a cycle of T ′ and hence has order at most three.

Since no cycle can contain both a and either of the other upset arcs shown, these

upset arcs can not be on any cycle of length four or more.

A natural question arises; what conditions on a tournament guarantee that

every arc is on a cycle of all possible lengths? We will call tournaments in

which every arc is contained in a cycle of length exactly k arc-k-cyclic, and if a

tournament is arc-k-cyclic for each possible k, (in other words, for 3 ≤ k ≤ n),

then the tournament is called arc-pancyclic. In the special case where k = n,

we will say a tournament is arc-hamiltonian rather than arc-n-cyclic. Alspach

[1] initially showed that every regular tournament is arc-pancyclic. Jakobsen

[21] studied near-regular tournaments and found that while not necessarily arc-

pancyclic, for n ≥ 8, such tournaments are arc-k-cyclic for each k, 4 ≤ k ≤

n. In 1980, Thomassen [38] showed that every 3-connected tournament is arc-

pancyclic and that there are infinitely many 2-connected tournaments that are

not arc-hamiltonian (and hence, not arc-pancyclic). Thomassen was also able

to give a sufficient condition for almost arc-pancyclic tournaments based on

irregularity.

Theorem I. Thomassen [38] If T is an n-tournament with i(T ) ≤ n−3
5

, then T

is k-arc-cyclic for 4 ≤ k ≤ n

As regular and near-regular tournament have irregularity zero and one, re-

spectively, this result implies (along with the simple observation that for regular

tournaments, each arc is in a cycle of length three) the results of both Alspach
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Figure 2.1: A strong tournament that is not arc-pancyclic

UW

Figure 2.2: The two families of arc-3-cyclic tournaments that are not arc-
pancyclic.

and Jakobsen.

For k = 3, Moon [27] was able to show that nearly all tournaments are

arc-3-cyclic. This last result was then used by Tian, Wu and Zhang to aid in

characterizing arc-pancyclic tournaments. They showed the following:

Theorem J (Tian, Wu and Zhang [41]). An arc-3-cyclic tournament is

arc-pancyclic unless it belongs to one of the families D6 or D8 shown in Figure

2.2.

From this result, one can deduce the above results of Thomassen, and hence

also of Jakobsen and Alspach.
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2.2 Paths in tournaments

Properties related to similar generalizations of traceability in tournaments

are not as well studied. The work of Rédei [32] showed that not only does every

tournament have a hamiltonian path, but that every tournament has an odd

number of such paths. Further, it is a simple exercise (cf. [36]) to demonstrate

that a tournament has a unique hamiltonian path if and only if it is acyclic

(or equivalently, is transitive). The number of distinct hamiltonian paths in

a tournament has been studied, and it has been shown by Moon [28] that for

strong tournaments, the number of such paths grows exponentially with n. For

non-strong tournaments, the number of distinct hamiltonian paths is simply the

product of the number of hamiltonian paths in each strong component.

The question of which arcs in a digraph can be extended to a hamiltonian

path was first suggested by Balińska, Gargano and Quintas [2] in a paper analyz-

ing the analogous concept in undirected graphs. We use the term arc-traceable to

describe digraphs with this property. In this undirected context, it was shown

that every hamiltonian graph is edge-traceable (called totally-traceable in [2],

[3] and [4]). Since hamiltonian graphs are extensively studied, this gives a

great deal of information about edge-traceable graphs. In the directed case,

examples abound which show that hamiltonicity is not sufficient to guarantee

arc-traceability. One such example is shown in Figure 2.3.

The lack of a well known sufficient condition for a digraph to be arc-traceable

would seem to make the problem significantly more difficult than in the undi-

rected case. Apart from some very special cases mentioned in [2], we note the

following necessary condition.
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Figure 2.3: A hamiltonian digraph that is not arc-traceable.

Theorem 2.1. If D is an arc-traceable digraph, then D∗, the condensation of

D is a path.

Proof. Let D be an arc-traceable digraph. Assume D has m strong components

and let D∗ be the condensation of D. If D is traceable, D∗ must also be traceable.

So, it suffices to show that when D is arc-traceable, then D∗ is an oriented tree,

as the only traceable oriented tree is a path. We establish this by showing that

the underlying graph of D∗ is acyclic.

Since D∗ is acyclic, it contains some vertex of in-degree 0. Label such a

vertex v∗
1. Now D∗ − {v∗

1} is also acyclic, and so this subgraph also has at least

one vertex of in-degree 0. Choose such a vertex and label it v∗
2. Proceeding

inductively, we can label all the vertices of D∗ as v∗
1, v

∗
2, . . . , v

∗
m such that vp has

in-degree 0 in D∗ − {v1, . . . , vp−1}. Thus, for any p > q, v∗
pv

∗
q /∈ A(D∗). This

well known ordering is known as a topological sorting by Golumbic [14] and an

acyclic ordering by Bang-Jensen and Gutin [6]. We use this same ordering for

the strong components of D: D1, . . . , Dm so that v∗
i corresponds to component

Di.

Now, assume that C is a cycle of the underlying graph of D∗. Choose the
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smallest index i such that v∗
i is on C, and let v∗

j and v∗
k be the neighbors of v∗

i

on this cycle. By the minimality of i we have i < j and i < k, and without loss

of generality we can assume that j < k. Since v∗
i v

∗
k ∈ E(C), the acyclic ordering

requires that we must have v∗
i v

∗
k ∈ A(D∗). This in turn requires that there are

distinct vertices x and y in Di and Dk respectively such that xy ∈ A(D). Now

choose any vertex z in Dj.

Since D is arc-traceable, xy is on some hamiltonian path of D, and z must

precede x or follow y on such a path, and so there must be either a path in

D from z to x or a path in D from y to z. But clearly, any such path must

contain an arc uv where u ∈ Dp and v ∈ Dq with p > q. This requires that

x∗
px

∗
q ∈ A(D∗), a contradiction. Hence, the underlying graph of D∗ must be

acyclic.

Unfortunately, this necessary condition gives no information about strong

digraphs, as the condensation of such a digraph is an isolated vertex, which is

trivially a path.

Recently, Reid [34] began to study arc-traceable tournaments. Attempting

to find conditions that are necessary and sufficient for a tournament to be arc-

traceable and several related questions is the primary focus of this dissertation.

The necessary condition given above, along with the observation made ear-

lier that the condensation of a tournament is a transitive tournament implies

the following corollary.

Corollary 2.2. If a tournament T is arc-traceable, then T has at most two

strong components.
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As noted above, our necessary condition for digraphs gives no information

about which strong tournaments are arc-traceable. However, we can use the

hamiltonicity of strong tournaments to observe that the analysis of arc-traceable

tournaments reduces to the study of arc-traceable strong tournaments.

Corollary 2.3. A tournament T with two strong components is arc-traceable

if and only if the subtournaments induced by the strong components are arc-

traceable.

Proof. Let T1 and T2 be the subtournaments induced by the strong components

of T , and let every vertex of T1 dominate each vertex in T2. Now, every hamil-

tonian path of T must be of the form P1P2, with Pi a hamiltonian path of Ti for

i = 1, 2. So, if Ti is not arc-traceable for i = 1 or i = 2, then there is some arc

that is not part of any hamiltonian path of T .

Conversely, if both T1 and T2 are arc-traceable, then each arc within these

subtournaments is also traceable in T . To conclude that T is arc-traceable, we

must show that the remaining arcs are also traceable. Each of these arcs is of

the form xy with x ∈ V (T1) and y ∈ V (T2). We use the hamiltonicity of each

of these subtournaments to construct a hamiltonian path P1 of T1 that ends at

x and a hamiltonian path P2 of T2 that begins at y. Consequently, P1P2 is a

hamiltonian path of T containing xy, completing the proof.

Thus, if we are able to obtain even partial results in the case of strong

tournaments, these results will have simple extensions to all tournaments.
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3. Upset tournaments

We begin by studying the class of upset tournaments. As noted in Chapter 1,

these are precisely the set of tournaments obtained from transitive tournaments

by reversing the arcs of any single path from the source (i.e., vertex of in-degree

zero) to the sink (i.e. vertex of out-degree zero). This reversed path is referred

to as the upset path. Reversing the arcs of a path leaves the scores of the vertices

on the interior of the path unchanged, and the initial and terminal vertices of the

path have their scores decreased and increased by one respectively. If we begin

with a transitive n-tournament, this yields a tournament with score sequence

(1, 1, 2, 3, . . . , n− 3, n− 2, n− 2).

We note that an identical argument indicates that reversing any path from

a vertex of out-degree one to a vertex of in-degree one in an upset tournament T

yields a transitive tournament. This would seem to indicate that the upset path

of an upset tournament may not be unique. To see that the upset path is never

unique, let u and u′ be the vertices of an upset tournament with out-degree

one and let v and v′ be vertices with in-degree one. Without loss of generality,

assume that u dominates u′ and v dominates v′. Thus, any path that originates

at u must begin with the arc uu′, and any path that terminates at v′ must end

with the arc vv′. So, if U is an upset path of the tournament that originates

at u, then U − u is a path from u′ to a vertex of in-degree one and this shorter

path is also an upset path. Similarly, if U terminates at v′, then U − v′ is an

upset path that terminates at v. On the other hand, if U is an upset path that
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originates at u′, then u cannot be a vertex of U since u is not the terminal vertex

of U and the only vertex that can follow u on a path is u′. In this case, uU is

also an upset path of the tournament, and dually if U is an upset path ending

at v, then Uv′ is also an upset path.

To address the above ambiguity we can require that our upset path U contain

the arcs uu′ and vv′ or, alternately, we can forbid the inclusion of these arcs.

The former approach is used in [31] and [24], among others. In general, we prefer

the latter approach; we require that U be as short as possible. However, if there

is a hamiltonian path from a vertex of out-degree one to a vertex of in-degree

one, it is often convenient to choose this hamiltonian path as U .

We present a result of Brualdi and Li [9] showing that upset tournaments are

characterized by their score sequence. Their proof uses the adjacency matrices

of upset tournaments. To illustrate the powerful inductive nature of this class

of tournaments, we present an alternate proof.

Theorem 3.1 (Brualdi and Li [9]). Let n ≥ 4. An n-tournament T is an

upset tournament if and only if the score sequence of T is (1, 1, 2, 3, . . . , n −

3, n− 2, n− 2).

Proof. Necessity follows by the argument above; that the reversal of the arcs of

a path of the transitive tournament from source to sink leaves the scores of the

vertices on the interior of the path unchanged, decreases the score of the source

by 1 and increases the score of the sink by 1. This produces a tournament with

the desired score sequence.

For sufficiency, we use induction. For n = 4, the tournament with score

sequence (1, 1, 2, 2) is unique and it is easily seen that this is an upset tourna-
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ment. For n > 4, let T be a n-tournament with the given score sequence, let u

and v be the vertices of T with score 1, and assume that uv ∈ A. Consider the

tournament T ′ = T−u. Clearly, the score of every vertex x in T ′ is one less than

the score of x in T , apart from v, whose score is unchanged. Thus, the score

sequence of the (n− 1)-tournament T ′ is (1, 1, 2, 3, . . . , n− 4, n− 3, n− 3). By

the induction hypothesis, T ′ is an upset tournament. Let U be an upset path

of T ′. The first vertex of U has out-degree 1 in T ′. If v is on the path U , then

we consider the subpath U ′ that begins at v and ends at the terminal vertex of

U . Reversing this path in either T ′ or T leaves a transitive tournament, and

hence U ′ is an upset path of both T ′ and T . If v is not on the path U , then the

only neighbor of the initial vertex of U is clearly the second vertex of this path.

Hence, v dominates the initial vertex of U . As a result, we can form the path

U ′ = vU , and just as before, this path U ′ is an upset path of both T ′ and T .

3.1 Arc-traceable upset tournaments

We now address the question of arc-traceability in upset tournaments. Ini-

tially, we characterize which arcs of an upset tournament lie on a hamiltonian

path.

Theorem 3.2. Let T denote an upset tournament on n ≥ 6 vertices with upset

path U . If V is labeled V = {v1, . . . , vn}, so that vivj ∈ A if and only if either

i < j or vivj is an arc of U , then the arc vrvs of T is non-traceable if and only

if all of the following hold:

• Both vr ∈ V (U) and vs ∈ V (U).

• vrvs is not an arc of the upset path.
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• For each vertex vk ∈ V (U) with r < k < s, neither vk−1 nor vk+1 are

vertices of the upset path.

Proof. Let vrvs be an arc of T that is on no hamiltonian path. First, we show

that both vr and vs are vertices of the upset path. This follows from the ob-

servation that T − vi is an upset tournament for any vi not on the upset path.

Since upset tournaments are strong, this tournament has a hamiltonian cycle

and consequently, a hamiltonian path beginning or ending at any specified ver-

tex. So if vr is not on the upset path, we can choose a hamiltonian path H

of T − vr that begins at the vertex vs. Now, vrH is a hamiltonian path of T

containing the arc vrvs, a contradiction. Similarly, if vs is not on the upset path,

we choose H, a hamiltonian path of T − vs that ends at the vertex vr and Hvs

is a hamiltonian path containing vrvs. As no such path exists, vs ∈ V (U).

Next, we show that vrvs is not an arc of the upset path. This follows

from the observation that T − V (U) is a transitive tournament whose source is

dominated by v1 in T . If H is the unique hamiltonian path of T − V (U), UH

is a hamiltonian path of T containing the arc vrvs. As no such path exists, vrvs

can not be an arc of the upset path. Thus, r < s and for at least one k such

that r < k < s, vk ∈ V (U).

Now, we show that for each vertex vk ∈ V (U) where r < k < s, neither

vk−1 nor vk+1 is on the upset path. Suppose that for some such k, vk−1 is on

the upset path, so vkvk−1 is an arc of U . Then, both T1 = T [{v1, . . . , vk−1}]

and T2 = T [{vk, . . . , vn}] are upset tournaments and hence strong. We can then

choose a hamiltonian path H1 of T1 that ends at vr and a hamiltonian path H2

of T2 that begins at the vertex vs. But then H1H2 is then a hamiltonian path of
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T containing vrvs, a contradiction. Similarly, if vk+1 is on the upset path then

by the same argument with T1 = T [{v1, . . . , vk}] and T2 = T [{vk+1, . . . , vn}],

vrvs is on a hamiltonian path. So, neither vk−1 nor vk+1 are on the upset path.

For the converse, suppose that vrvs is an arc of T , where both vr ∈ V (U)

and vs ∈ V (U), vrvs is not an arc of the upset path, and that for each vk on the

upset path U between vr and vs, neither vk−1 nor vk+1 are on the upset path.

Let Q be a longest path of T that contains the arc vrvs, and let U [vs, vr] be the

subpath of U beginning at vs and ending at vr.

First, note that Q can not contain U [vs, vr] as a subpath, since vs follows

vr on this path but vr follows vs on Q. So we can choose an upset arc vqvp of

U [vs, vr] that is not part of the path Q. Note, by assumption p + 1 6= q, and

every path from vp+1 to vr must contain the arc vqvp. Since Q does not contain

this arc, vp+1 does not precede vr on Q. Similarly, every path from vs to vp+1

must include the arc vqvp, and hence vp+1 does not follow vs on Q. But vr and

vs are consecutive on Q, and so vp+1 is not on the path Q. Thus, Q is not a

hamiltonian path, and since the length of Q is maximal, no hamiltonian path

containing vrvs exists.

The above result completely characterizes arc-traceable upset tournaments

with six or more vertices.

Corollary 3.3. An upset tournament T on n ≥ 6 vertices is arc-traceable if

and only if for every vertex vk on the interior of the upset path, either vk−1 or

vk+1 is also on the upset path.

Proof. If T is a tournament satisfying the given condition, then Theorem 3.2
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Figure 3.1: An 11-tournament with 10 non-traceable arcs

implies that there is no arc that is non-traceable, i.e. T is arc-traceable. For

the converse, assume there is some vk on the upset path with neither vk−1 nor

vk+1 on the upset path. Let vi and vj be the vertices immediately preceding and

succeeding vk on U , respectively. Then, by Theorem 3.2 vjvi is on no hamiltonian

path.

The above results fail for n = 5 vertices, as the upset tournament obtained

from reversing the unique hamiltonian path of the transitive tournament on

five vertices is not arc-traceable, despite satisfying the conditions of Corollary

3.3. This is a consequence of the fact that this tournament is isomorphic to the

upset tournament with an upset path of length with middle vertex of score 2,

and this tournament does not meet the criteria indicated in the corollary. In

fact, there are only two non-isomorphic upset tournaments on five vertices. The

other is obtained by reversing the single arc from source to sink in a transitive

tournament, and this tournament is easily seen to be arc-traceable.

Next, we describe an upset tournament with many non-traceable arcs, and

prove that this example is maximal.

Theorem 3.4. If T is an upset tournament with n ≥ 5 vertices, n odd, and the

upset path of T is vnvn−2vn−4 . . . v3v1, then exactly n2−4n+3
8

= 1
4
·
(

n
2

)
− 3(n−1)

8
arcs

of T are not on a hamiltonian path.
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Proof. By Theorem 3.2, the arcs of T on no hamiltonian path are of the form

vivi+(2k+2) for i odd, 1 ≤ i ≤ n − 4 and 1 ≤ k ≤ n−1
2
− 1. Thus, for a fixed

i = 2j +1, there are exactly n−i
2
− 1 = n−(2j+1)

2
− 1 = n−3

2
− j non-traceable arcs

starting at vertex vi. Summing all possible values of j, we obtain

n−5
2∑

j=0

(n− 3

2
− j
)

=
(n− 3

2

)
·
(n− 3

2

)
−

n−5
2

n−3
2

2
=

n2 − 4n + 3

8

non-traceable arcs in T .

Figure 3.1 shows a tournament of order 11 with the structure described

above. We now show that this family of examples has the maximal number of

non-traceable arcs among all upset n-tournaments.

Theorem 3.5. An upset n-tournament T , n ≥ 5, has at most

n2 − 4n + 3

8
=

1

4
·
(

n

2

)
− 3(n− 1)

8

non-traceable arcs.

Proof. We prove the result by induction on n. For n = 5, it is easy to verify

that any upset tournament on five vertices not having the structure indicated in

Theorem 3.4 is arc-traceable, and that the upset tournament with this structure

has 52−4·5+3
8

= 1 arc that is not on any hamiltonian path.

Next, assume the result for upset tournaments with fewer than n > 5 ver-

tices. Let i be the vertex that immediately precedes the vertex v1 on the upset

path. As observed earlier, T1 = T [vi, . . . , vn] is an upset tournament, and so by

the induction hypothesis, there are at most

(n− i + 1)2 − 4(n− i + 1) + 3

8
=

n2 − 4n + 3

8
−
(
i− 1

)2n− 4− (i− 1)

8
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non-traceable arcs in T1. By applying Theorem 3.2 twice, once for necessity

in T1 and again for sufficiency in T , we note that each of these arcs is also

non-traceable in T .

All that remains is to count the non-traceable arcs of T that are not arcs

of T1. Clearly, no arc incident with the vertices v2, . . . , vi−1 is non-traceable

so any non-traceable arc of T that is not an arc of T1 is incident with v1.

Additionally, if i = 2, then by Theorem 3.2, every arc incident with v1 is also

on a hamiltonian path. In this case, the Theorem follows by observing that(
i − 1

)
2n−4−(i−1)

8
= 2n−5

8
> 0 as n > 5. So, we may assume that i ≥ 3. In this

case, as n > 5 it follows that

(n− i + 1)2 − 4(n− i + 1) + 3

8
≤ (n− 2)2 − 4(n− 2) + 3

8
=

n2 − 8n + 15

8
.

Thus, we must show that at most 4n−12
8

= n−3
2

arcs incident with v1 are

non-traceable. Let j be the largest index such that the arc v1vj is non-traceable.

As a consequence of Theorem 3.2, at most j−1
2

of the vertices v1, · · · vj are on

the upset path of T and vi is one of these vertices. Since viv1 is part of the

upset path, and thus is part of a hamiltonian path, this implies that at most

j−1
2
−1 ≤ n−3

2
arcs incident with the vertex v1 are not a part of any hamiltonian

path, and the result follows.

3.2 Counting Hamiltonian Paths in Upset Tournaments

To conclude this section, we consider the connection between arc-traceability

and the number of distinct hamiltonian paths in upset tournaments. We note

a result by Moon [28] that gives a lower bound for the number of hamiltonian

paths in strong tournaments.
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Theorem K (Moon [28]). An strong tournament on n vertices has at least

6
n−1

4 ≈ (.639)(1.565n) distinct hamiltonian paths.

It is natural to expect that, in general, arc-traceable upset tournaments have

more hamiltonian paths than non-arc-traceable upset tournaments. However,

we shall now show that this is not always the case.

We observe again that for any vertex v in an upset tournament T , T − v

is also an upset tournament if v is not the interior of some upset path. If v

is on the interior of some upset path, then it is a cut vertex and the first and

last strong components of T − v are upset tournaments with the remaining

strong components all trivial (consisting of single vertices). Combined with the

observation that the number of hamiltonian paths in a tournament T is the

product of the number of hamiltonian paths of the strong components of T ,

this suggests that we can find the number of hamiltonian paths of an upset

tournament recursively.

In particular, we next consider two simple techniques that will show that

it suffices to count the number of hamiltonian paths of any upset tournament

in which no three consecutive vertices lie on the upset path. Let pT denote the

number of distinct hamiltonian paths of the tournament T .

Theorem 3.6. If T is an upset n-tournament and vj is a vertex on the upset

path such that neither vj−1 nor vj+1 are on the upset path, then then pT =

pT [v1,vj ]pT [vj ,vn].

Proof. Let H be the set of hamiltonian paths of T , and let H1 and H2 be the sets

of hamiltonian paths of T [v1, . . . , vj] and T [vj, . . . , vn], respectively. We show a

bijection between H and H1 ×H2.
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Let H be a hamiltonian path of T . We define the sequence of vertices

S1 by deleting each vertex of H with index greater than j. We claim that

S1 is a hamiltonian path of T [v1, . . . , vj]. Assume otherwise and let vs and vt

be consecutive in S1 with vs 6→ vt. Since H is a path, vs and vt can not be

consecutive on H, and so there must exist a vertex vr between vs and vt on H

with r > j. But since T is an upset tournament every path from vr to vt must

include the vertex vj, and since vj was not deleted from S1, we conclude that

t = j and so s < t. Since vsvt is not an arc of T , vtvs must be an upset arc.

Since vs precedes vt on H, this arc is not part of H. It follows that this arc is

included on every path from vj−1 to vs in T as well as on every path from vt to

vj−1. Thus, we conclude that vj−1 does not precede vs or succeed vt on H. Since

H is a hamiltonian path, this vertex must lie between vs and vt on this path,

contradicting the fact that these vertices are consecutive in S1. Consequently, S1

must be a hamiltonian path of T [v1, . . . , vj]. Similarly, the sequence S2 obtained

by deleting the vertices of H with index less than j is a hamiltonian path of

T [vj, . . . , vn].

On the other hand, let P1vjQ1 and P2vjQ2 be hamiltonian paths of T [v1, . . . , vj]

and T [vj, . . . , vn], respectively. Then H = P1P2vQ1Q2 is a hamiltonian path of

T .

Our next result is a similar result that applies to tournaments in which two

consecutive vertices may be on the upset path.

Theorem 3.7. Let T be an upset tournament, and let vi+1vi be an arc of the

upset path of T , where vi+2 and vi−1 are not vertices of the upset path. Then
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the number of hamiltonian paths of T is 2ab − cd where a is pT [v1,...,vi], b is

pT [vi+1,...,vn], c is pT [vi+2,...,vn] and d is pT [v1,...,vi−1].

Proof. The proof is similar to the proof of Theorem 3.6. Begin with P1viQ1

and P2vi+1Q2, hamiltonian paths of T [v1, . . . , vi] and T [vi+1, . . . , vn], respec-

tively. Now, define two sequences of vertices H1 = P1P2vi+1viQ1Q2 and

H2 = P1viQ1P2vi+1Q2. Clearly, H1 is a hamiltonian path and H2 is as well

provided that either Q1 6= ∅ or P2 6= ∅. Now if Q1 = ∅, then P1 must be a

hamiltonian path of T [v1, . . . , vi−1] and if P2 = ∅ then Q2 is a hamiltonian path

of T [vi+2, . . . , vn]. Thus the number of distinct hamiltonian paths of T is at least

ab + (ab− cd) = 2ab− cd where a, b, c and d are defined as in the Theorem.

For the reverse inequality, let H be a hamiltonian path of T . First, assume

that vi+1vi is an arc of H. Then let H = Pvi+1viQ and let P1 and Q1 be

the vertices of P and Q, respectively, with index less than i. We claim that

P1viQ1 is hamiltonian path of T [v1, . . . , vi]. Assume otherwise. Then, there are

consecutive vertices vs and vt in the sequence P1viQ1 such that vt dominates vs.

This requires that vi+1 must succeed vs and precede vt on H, and thus t = i.

Since vi dominates only one vertex in T [v1, . . . , vi], this vertex must be vs, and

since vi−1 is not on the upset path s < i− 1. As above, the arc vtvs is on every

path from vt to vi−1 as well as every path from vi−1 to vs. Since this arc is not

included in H, vi−1 must precede vt and succeed vs. This contradicts our choice

of vs and vt as consecutive vertices of P1viQ1, so this sequence of vertices forms

a hamiltonian path of T [v1, . . . , vi]. Similarly, P2vi+1Q2 is a hamiltonian path

of T [vi+1, . . . , vn] where P2 = P \ P1 and Q2 = Q \Q1. Thus, there are at most

ab hamiltonian paths of T that contain the arc vi+1vi.
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Now, assume that vi+1vi is not an arc of H. Then H is also a hamiltonian

path of the tournament T ′ obtained by reversing this arc. T ′ has two strong

components, T [v1, . . . , vi] and T [vi+1, . . . , vn] and so any hamiltonian path of T ′

must have the form PQ where P is a hamiltonian path of T [v1, . . . , vi] and Q is

a hamiltonian path of T [vi+1, . . . , vn]. So H has this form and since H is also a

hamiltonian path of T , we cannot have both P ending at vi and Q beginning at

vi+1. Clearly, there are ab ways of choosing an arbitrary P and Q, and there are

cd ways of choosing such that both P ends at vi and Q begins at vi+1. Thus,

there are at most ab − cd hamiltonian paths of T that do not contain the arc

vi+1vi.

Next, we count the hamiltonian paths of an upset tournament with an upset

path of length one. This, combined with the previous two results, permits a

recursive technique that can be used to determine the number of hamiltonian

paths of any upset tournament in which no three consecutive vertices are on the

upset path.

Theorem 3.8. The upset tournament on n vertices with a single upset arc has

2n−2 + 1 hamiltonian paths.

Proof. Let T be an upset n-tournament with the single upset arc vnv1.

First, we consider hamiltonian paths that do not use the upset arc. Each

such path is also a hamiltonian path of the transitive tournament obtained by

reversing this upset arc. Since the transitive tournament has a unique hamilto-

nian path, we conclude that there is a unique hamiltonian path of T not using

the arc vnv1.
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Now, we consider hamiltonian paths using the upset arc of T . Let S1 be the

set of vertices preceding vn on such a hamiltonian path. We note that S1 is a

subset of S = {v2, v3, . . . , vn−1}. Conversely, let S1 be any subset of S and let

S2 = S \ S1. Since T [S1] and T [S2] are both transitive tournaments, and vn is

dominated by S1 and v1 dominates S2, there is a unique hamiltonian path of T

containing the arc vnv1 where S1 is the set of vertices preceding vn. Thus, there

is a bijection between subsets of S and hamiltonian paths of T containing the arc

vnv1 and consequently, it follows that there are exactly 2|S| = 2n−2 hamiltonian

paths containing the arc vnv1 and 2n−2 + 1 hamiltonian paths in total.

Corollary 3.9. If T is an upset tournament on n vertices with an upset path

of length 2, then T has at least 2n−3 + 2
n−1

2 + 1 hamiltonian paths, with equality

if and only if n is odd and the upset path is vnvn+1
2

v1.

Proof. Let vj be the middle vertex of the upset path. Then by Theorem 3.6,

pT = pT [v1,...,vj ]pT [vj ,...,vn]. Furthermore, by Theorem 3.8 pT [v1,...,vj ] = 2j−2 + 1

and pT [vj ,...,vn] = 2n−j−1 + 1. Thus pT = 2n−3 + 2j−2 + 2n−j−1 + 1. The proof is

complete by noting that the function f(x) = 2x−2+2n−1−x has a global minimum

at x = n+1
2

.

We note, as a consequence of this corollary, the number of hamiltonian paths

in upset n-tournaments with upset paths of length two grows exponentially with

n at a faster rate than the lower bound given by Theorem K. Specifically,

1
8

2n < pT < 1
4

2n for n > 5. Additionally, we note that for n ≥ 5, upset

tournaments with upset paths of length two are necessarily non-arc-traceable

by Corollary 3.3.
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Figure 3.2: Two 8-tournaments

We can now use the above results to show that the first 8-tournament shown

in Figure 3.2 has precisely 2(5)(5)− 1 = 49 hamiltonian paths and by Corollary

3.3 is arc-traceable. Similarly, the second 8-tournament shown in Figure 3.2 is

non-arc-traceable and yet has 3(17) = 51 hamiltonian paths.

The above results also permit us to count the number of hamiltonian paths of

every upset tournament on seven or fewer vertices, with one exception. The only

exception is the upset tournament on seven vertices with upset path v7v5v4v3v1,

which is isomorphic to the upset tournament with upset path v7v6v5v4v3v2v1. For

this case, we will show that this tournament has 31 distinct hamiltonian paths.

Table 3.1 lists all upset tournaments of order three through seven, the number of

distinct hamiltonian paths, and whether the tournament is arc-traceable or not

according to Corollary 3.3. From the data, we conclude that the tournaments in

Figure 3.2 are minimal with respect to the number of vertices. In other words,

if T is an arc-traceable upset n-tournament with k hamiltonian paths, and T ′

is a non-arc-traceable upset n-tournament with k′ > k hamiltonian paths, then

n ≥ 8.

We now consider the family of upset n-tournaments with upset paths of

length n− 1. In other words, the tournaments obtained by reversing the arcs in
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Tournament: T pT Arc-traceable? Tournament: T pT Arc-traceable?

3 Yes 5 Yes

9 Yes 9 No

17 Yes 15 No

15 No 17 Yes

33 Yes 27 No

25 No 29 Yes

27 No 27 No

29 Yes 31 Yes

Table 3.1: All upset tournaments of order three through seven.

the unique hamiltonian path of a transitive n-tournament. We show that the the

number of hamiltonian paths of such an n-tournament satisfies the “tribonacci”

recurrence for n ≥ 3 and use this recurrence to obtain asymptotic results for

the number of hamiltonian paths in such tournaments. For convenience, in

the remainder of this chapter we will use the notation Ti to refer to the upset

tournament with i-vertices with an upset path of length i − 1. We will then

denote the number of hamiltonian paths of Ti as pi.

In the following proof, we require some new notation. We will say that a

path P is v-deletable when v is on the path P , and either v is the initial vertex

of P or the vertex immediately preceding v dominates the vertex immediately

following v. Conversely, v can be inserted into P if v is not on P and there

are consecutive vertices x and y on P such that x → v and v → y. If the
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terminal vertex of P dominates v, then we will say that v can be appended onto

P . Dually, if the initial vertex of P is dominated by v, then we will say that v

can be prepended onto P .

Theorem 3.10. pn = pn−1 + pn−2 + pn−3 for n ≥ 3.

Proof. Let Si be the set of hamiltonian paths of Ti. We establish the result by

showing a bijection between Sn and Sn−1 ∪ Sn−2 ∪ Sn−3.

Initially, we partition the set Sn into two parts; Sn,1, the hamiltonian paths

ending at vn and Sn,2, those ending at any vertex other than vn. We further

subdivide each Sn,i; let Un,1 be the set of all hamiltonian paths of Sn,1 that are

vn−1 deletable and let Un,2 be the set of all hamiltonian paths of Sn,2 that are

vn deletable. Finally, let Wn,i = Sn,i \ Un,i for i = {1, 2}.

We now construct the desired bijection in three parts. First, we note that

there is a bijection between Un,2 and Sn−1. By deleting vn from each path of

Un,2, we obtain a hamiltonian path of Tn−1 and since N+(vn) = {vn−1}, vn can

be inserted into or prepended onto a hamiltonian path of Tn−1 in a unique way.

Since no path of Un,2 ends at vn, vn is interior on every path of Un,2 and thus

two hamiltonian paths of Un,2 are distinct if and only if they can be obtained in

this way from distinct hamiltonian paths of Tn−1.

Next, we observe a bijection between Un,1 and Sn−2. By deleting both vn

and vn−1 from a hamiltonian path of Un,1, we obtain a hamiltonian path of

Tn−2, and as in the previous case, vn−1 can be inserted into the interior of each

hamiltonian path of Tn−2 in a unique way. Furthermore, we can append vn to

the end of each of these paths, thus obtaining hamiltonian paths of Un,1. Just

as above, two paths of Un,1 are distinct if and only if they can be obtained in
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this way from distinct paths of Tn−2.

The last part of our bijection is between Wn,1 ∪ Wn,2 and Sn−3. We first

show that each path P of Wn,1 must end with the subpath vn−3vn−1vn−2vn.

Since a path P of Wn,1 does not end at vn−1, and N+(vn−1) = {vn−2}, P must

include the arc vn−1vn−2. Furthermore, because P is not vn−1 deletable, the

vertex immediately preceding vn−1 must be dominated by vn−2, and so must be

a vertex in N+(vn−2) = {vn−3, vn}. As P ends at vn by definition, this vertex

must be vn−3 and the vertex immediately following vn−2 must be vn, the terminal

vertex of P .

Similarly, we show that each path P of Wn,2 must end with the subpath

vn−2vnvn−1. Since P does not end at vn and N+(vn) = {vn−1}, it contains the

arc vnvn−1 and since P is not vn deletable, the vertex immediately preceding

vn on P must be in the set N+(vn−1) = {vn−2}. Further, since this is the only

vertex dominated by vn−1, vn−1 must be the terminal vertex of P . Thus, for

any path of Wn,1∪Wn,2 the first n− 3 vertices form a hamiltonian path of Tn−3.

Conversely, any hamiltonian path H of Tn−3 can be extended to a hamiltonian

path of Tn by appending the path vn−1vn−2vn if H ends at vn−3, or appending

the path vn−2vnvn−1 if H does not end at vn−3.

Next, we note that p1 = p2 = 1 and p3 = 3, and this defines the sequence

A000213 in the database maintained by Sloane [37] (offset by one). Note that

by Corollary 3.3, Ti is not arc-traceable for all i ≥ 6. Also, p7 = 31, completing

our table of the number of distinct hamiltonian paths for all upset tournaments

with between three and seven vertices.
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The tribonacci recurrence shares many similarities with the better known

Fibonacci recurrence. In particular, just as the ratio of Fibonacci numbers

approaches the positive real root of x2−x− 1, the ratio of consecutive numbers

in a sequence satisfying the tribonacci recurrence approaches the positive (and

only) real root of x3 − x2 − x− 1 [22].

Corollary 3.11. The number of hamiltonian paths of an upset n-tournament

with upset path of length n− 1 approaches αn as n approaches infinity, where α

is the real root of x3 − x2 − x− 1 (approximately 1.8329).

Thus, it is clear that the tournaments in Figure 3.2 are not isolated examples;

in fact, there exist infinitely many such examples. For n ≥ 15, the non-arc-

traceable upset tournament T with upset path vnvdn+1
2

ev1 has more distinct

hamiltonian paths than the arc-traceable upset tournament T ′ with upset path

vnvn−1 . . . v1, and pT − pT ′ grows exponentially with n.
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4. Arc-traceability in all strong tournaments

In this chapter we turn our attention to arc-traceability in all strong tour-

naments. We require very different techniques than were used for upset tourna-

ments, and we will fall just short of a characterization of arc-traceable strong

tournaments. However, we will develop a specific structure that is shared by all

non-arc-traceable strong tournaments, and we will use this structure to obtain

many sufficient conditions for strong tournaments to be arc-traceable and to

yield some extremal results for non-arc-traceable tournaments.

4.1 Observations on arc-traceability in tournaments

We recall that in a hamiltonian digraph D, then for any v ∈ V (D), D has

a hamiltonian path that begins at v and also a hamiltonian path that ends at

v. Since every strong tournament is hamiltonian, we observe that non-traceable

arcs of a tournament must join two cut vertices.

Proposition 4.1. If T is a strong tournament and v is not a cut-vertex of T ,

then every arc incident with v is on a hamiltonian path.

This gives us our first sufficient condition for arc-traceable tournaments; if

T has no cut vertices, then T has no non-traceable arcs.

Corollary 4.2. If T is 2-connected, then T is arc-traceable.

This first sufficient condition was observed in the more general setting of

multipartite tournaments by Volkmann in [42]. Our second sufficient condition
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requires the following result, using a technique similar to the proof of Theorem

H by Moon in [29].

Lemma 4.3. Let xy be an arc in a strong tournament T . If P is a longest path

from y to x in T , then P can be extended to a hamiltonian cycle.

Proof. Let P be a longest path from y to x and let C be the longest cycle that

contains P . Assume that C is not hamiltonian. Thus, there is some vertex v

that is not on C. If y dominates v, then v must dominate each vertex of P .

Otherwise, let u be the first vertex along P such that vu ∈ A(T ) and let w be

the vertex immediately preceding u on P . Now, y . . . wvu . . . x is path from y

to x longer than P . Thus, v dominates x and by a similar argument using the

maximality of C, v must also dominate the subpath of C from x to y. In other

words, v dominates all of the vertices of C. But since T is strong, there must

be a path from every vertex of C to v. Let Q be the shortest of these paths and

note that this minimality requires that the only vertex of Q on C is the initial

vertex vq. Let v−
q and v+

q be the immediate predecessor and successor to vq on

C, respectively. If the arc vqv
+
q is an arc of P , then y . . . v−

q Qv+
q . . . x is a path

from y to x longer than P . Otherwise, the cycle C ′ obtained by replacing the

arc vqv
+
q with the path Qv+

q is a cycle containing P that is longer than C. In

either case, we have obtained a contradiction.

We now can show:

Theorem 4.4. Let T be a strong n-tournament, and let xy ∈ A(T ) be on some

cycle of length l > n+1
2

. Then xy is on a hamiltonian path of T .

40



Proof. Let C = yu1 · · ·ukx be the longest cycle containing the arc xy. Extend

C − xy to H, a hamiltonian cycle of T . Let H = yu1 · · ·ukxwm · · ·w1. So

n = k + m + 2, and since C has length k + 2 > n+1
2

, k ≥ m.

If wi dominates ui for some i, choose the minimal such i. If i = 1

then define the path P = wm · · ·w1u1 · · ·ukxy, otherwise define the path

P = wm · · ·wiui · · ·ukxyu1 · · ·ui−1wi−1 · · ·w1. In either case, P is a hamil-

tonian path of T containing xy. So we may assume that ui dominates wi

for every i, 1 ≤ i ≤ m. In particular, we may assume that umwm ∈ A(T ).

If k = m, then let P = xyu1 · · ·ukwm · · ·w1, and if k > m, set P =

um+1 · · ·ukxyu1 · · ·umwm · · ·w1. In either case, P is a hamiltonian path of T

containing the arc xy.

From this we infer a second sufficient condition for a strong tournament to

be arc-traceable.

Corollary 4.5. If T is a strong tournament and every arc of T is on some cycle

of length l > n+1
2

then T is arc-traceable.

We now consider again our observation above that every 2-connected tour-

nament is arc-traceable. If a tournament is two-connected (and hence arc-

traceable), then Theorem E states that for any two vertices x and y such that

y 6→ x, there must be at least two internally vertex disjoint paths from y to x.

Of course, in a tournament y 6→ x implies that x → y. So we can re-state our

observation above as follows.

Proposition 4.6. If T is a tournament with the property that there exist at

least two internally vertex disjoint path from y to x for every arc xy, then T is
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arc-traceable.

We show this property applies locally as well. Any arc xy where the smallest

y, x separating set has size at least 2 is traceable. We use Theorem E and state

the result in terms of internally vertex disjoint paths.

Theorem 4.7. Let T be a strong tournament, and let xy ∈ A(T ) be such that

there exist at least two internally vertex disjoint paths from y to x in T . Then

there exists a hamiltonian path of T which includes the arc xy.

Proof. Let P and Q be two internally vertex disjoint paths from y to x such

that for any internally vertex disjoint paths P ′, Q′ from y to x, |V (P )∪V (Q)| ≥

|V (P ′) ∪ V (Q′)|. Let P = yu0 · · ·umx and Q = yw0w1 · · ·wkx, and let U =

{u0, . . . , um} and W = {w0, . . . , wk}. If V (P ) ∪ V (Q) = V (T ), then H =

u0 · · ·umxyw1 · · ·wk is a hamiltonian path of T containing xy. So assume V (P )∪

V (Q) ⊂ V (T ) and let S be the tournament induced on the vertices of V (T ) \

(V (P ) ∪ V (Q)). If V (S) dominates U ∪W , then for any hamiltonian path HS

of S, H = HSu0 · · ·umxyw0 · · ·wk is a hamiltonian path of T containing xy.

Additionally, if V (S) is dominated by U ∪W , then H = u0 · · ·umxyw0 · · ·wkHS

is a hamiltonian path of T which contains xy for any hamiltonian path HS of

S. Hence, we may assume that V (S) neither dominates nor is dominated by

U ∪W . Choose the minimal r such that a vertex v of the rth strong component

of S is beaten by some vertex of U ∪W . Without loss of generality, assume that

uiv ∈ A(T ) for some i.

If vuj ∈ A(T ) for some j > i, choose the minimal such j. Observe that

P ′ = yu0 · · ·uj−1vuj · · ·umx and Q′ = Q are internally vertex disjoint paths from

42



y to x with |V (P ′)∪V (Q′)| > |V (P )∪V (Q)|, contradicting the maximality of P

and Q. Consequently, uj dominates v for every j > i, and in particular, umv ∈

A(T ). Now, partition S into two disjoint subtournaments, S1 (possibly empty)

containing the vertices of the first r− 1 components of S and S2 containing the

remaining vertices. Thus, v is in the initial strong component of the tournament

S2. Let H1 be any hamiltonian path of S1 and let H2 be a hamiltonian path

of S2 that begins at v. Since the terminal vertex of H1 is from the (r − 1)st

component of S, this vertex dominates U ∪ W by the minimality of r. Thus,

H = H1w0 · · ·wkxyu0 · · ·umH2 is a hamiltonian path of T containing xy.

The above result can be used to derive some tests for traceability for a given

arc xy. In the next section we will show that each of the following results can

be improved.

Corollary 4.8. Let xy be an arc of T . If d+(y) > d+(x), then there is a

hamiltonian path of T that includes the arc xy.

Proof. As d+(y) > d+(x), |N+(y)| > |N+(x)|. Furthermore, xy ∈ A(T ) so

y ∈ N+(x) \N+(y). Thus

|N+(y) \N+(x)|= |N+(y)| − |N+(y) ∩N+(x)|

≥ |N+(y)| − |N+(x) \ {y}| = d+(y)− (d+(x)− 1)

≥ 2.

Thus, there exist distinct vertices u1 and u2 such that yuix is a path of length

two for i = 1, 2, and by Theorem 4.7, the arc xy is traceable.
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The next three sufficient conditions for arc-traceable tournaments are closely

related, and follow from the fact that all 2-connected tournaments are arc-

traceable, which can be thought of as a corollary of Theorem 4.7.

Corollary 4.9. If T is a tournament with δ0 > n+1
4

, then T is arc-traceable.

Proof. We prove that the condition guarantees that T is 2-connected. Assume

otherwise, and choose v such that T−v is not strong. Let a and b be the number

of vertices in the initial and terminal strong components of T − v, respectively.

Then T − v must contain a vertex with in-degree at most a−1
2

and a vertex with

out-degree at most b−1
2

. Thus,

2δ0(T ) ≤ δ+(T )+δ−(T ) ≤ δ+(T−v)+δ−(T−v)+2 ≤ a + b− 2

2
+2 =

a + b + 2

2
.

Finally, since n ≥ a + b + 1, δ0(T ) ≤ n+1
4

.

Corollary 4.10. If T is a tournament such that for every uv ∈ A(T ), d−(u) +

d+(v) > n+1
2

, then T is arc-traceable.

Proof. The proof is the same as for Corollary 4.9, combined with the additional

observation that the vertex u with in-degree at most a−1
2

in T −v dominates the

vertex w with out-degree at most b−1
2

in T − v. Thus we have an arc uw such

that

d−(u) + d+(w) ≤ d−
T−v(u) + d+

T−v(w) + 2 ≤ a + b− 2

2
+ 2 ≤ n + 1

2
.

Corollary 4.11. Let T be a tournament such that i(T ) < n−3
4

. Then T is

arc-traceable.
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Proof. The result follows from Corollary 4.9 and the fact that i(T ) = (n− 1)−

2δ0. Thus, δ0 > n+1
4

implies that i(T ) < (n− 1)− n+1
2

= n−3
4

.

4.2 The structure of non-arc-traceable tournaments

Since the results of the previous section are really based on the observa-

tion that every two-connected tournament is arc-traceable, Theorem 4.7 has

not yet proven useful in the study of arc-traceable tournaments. However, the

contrapositive of Theorem 4.7 can be used to obtain some important necessary

conditions for non-arc-traceable tournaments. This necessary structure is the

basis for improving the bounds given in the Corollaries above and for many of

the results to follow.

Theorem 4.12. If T is a strong tournament, and xy ∈ A(T ) is not on a

hamiltonian path, then:

(i) There exists a vertex z such that T − z is not strong.

(ii) T − z has k strong components, k ≥ 4.

(iii) x is in the initial strong component of T − z, and y is in the terminal

strong component of T − z.

(iv) z is dominated by the 2nd strong component of T − z and z dominates the

(k − 1)st strong component of T − z.

Proof. By Theorem 4.7, there is at most a single vertex disjoint path from y to

x in T , and since T is strong, there must be exactly one such path. Equivalently,

by Theorem E, there is a y, x-separating set of size one. Let {z} be this set.
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Thus, there is no path from y to x in T − z, so y and x are in different strong

components of T − z and this tournament is not strong, establishing (i). Let Tz

denote T−z, k be the number of strong components of Tz, and T
(1)
z , T

(2)
z , . . . T

(k)
z

be the strong components of Tz where T
(i)
z dominates T

(j)
z whenever i < j.

As x dominates y in Tz, x must be in a strong component that precedes

the strong component containing y. So, x can not be in the terminal strong

component of Tz. If x is not in the initial strong component of Tz, then T − x

is strong and every arc incident with x is on some hamiltonian path. Thus, x

must be in the initial strong component of Tz. Similarly, y must be a cut vertex

of T , so y must be in the terminal strong component of Tz, establishing (iii).

If k = 2, then let P1 be a hamiltonian path of T
(1)
z that terminates at x, and

P2 be a hamiltonian path of T
(2)
z that begins at y. Since T is strong, z must

beat some vertex of the path P1. Let w be the first such vertex along the path

P1. If w is the initial vertex of P1, then let H = zP1P2. Otherwise, let w− be

the vertex immediately preceding w on P1 and replace the arc w−w of P1 with

the path w−zw to form P ′
1 and let H = P ′

1P2. In either case, H is a hamiltonian

path of T containing xy, contradicting the choice of xy. So, k ≥ 3.

Next, assume that there is some z+ ∈ N+
T (z) ∩ V (T

(2)
z ). Since T is strong,

we can choose z− ∈ N−
T (z) ∩ V (T

(k)
z ), and let Pk be some path from y to

z− in T
(k)
z . Now, let P ′

k be a hamiltonian path of the tournament induced on

V (T
(k)
z )\V (Pk), let P1 be a hamiltonian path of T

(1)
z that terminates at x, let P2

a hamiltonian path of T
(2)
z that originates at z+, and let Pi be any hamiltonian

path of T
(i)
z for 3 ≤ i ≤ k − 1. Combining these paths we can construct

H = P1PkzP2P3 · · ·Pk−1P
′
k, a hamiltonian path of T containing xy. Hence, there
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Figure 4.1: An arc-traceable tournament.

is no such z+ in V (T
(2)
z ). Dually, we have that there is no N−

T (z)∩V (T
(k−1)
z ) = ∅,

establishing (iv). This argument also shows that k−1 6= 2, and so k 6= 3. Hence,

k ≥ 4 establishing (ii).

The above result indicates a necessary structure for tournaments that are

not arc-traceable. However, such a structure is not sufficient to guarantee non-

arc-traceability. For example, the arc-traceable tournament in Figure 4.1 has

the structure indicated in Theorem 4.12.

In an attempt to complete a characterization of arc-traceable tournaments,

we consider whether additional structure imposed on the first and last strong

components of T − z is sufficient to guarantee non-arc-traceability.

Lemma 4.13. Let T be a strong tournament with cut vertex z ∈ V (T ), such

that T − z has k ≥ 4 strong components. Further, let T
(2)
z dominate z and let z

dominate T
(k−1)
z in T . For x ∈ T

(1)
z and y ∈ T

(k)
z , xy is part of some hamiltonian

path if and only if (i) the vertices of T
(1)
z can be partitioned into paths P1, Q1

such that P1 begins at a vertex dominated by z and Q1 ends at x or (ii) the
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vertices of T
(k)
z can be partitioned into paths Pk, Qk such that Qk begins at y

and Pk ends at a vertex that dominates z.

Proof. We prove only the sufficiency of condition (i), as condition (ii) is equiv-

alent to condition (i) in the reversal of T . Assume that condition (i) holds. Let

Pi be a hamiltonian path of T
(i)
z for 2 ≤ i ≤ k − 1, and let Qk be any path

in T
(k)
z from y to a vertex that dominates z. Finally, let Pk be a hamiltonian

path of T
(k)
z − V (Pk). Then H = Q1QkzP1P2P2 . . . Pk is a hamiltonian path of

T containing the arc xy.

For the converse, assume that T is arc traceable and let H be a hamiltonian

path of T containing the arc xy with x ∈ T
(1)
z and y ∈ T

(k)
z . First, observe

that H contains at most one other arc uv with u ∈ T
(1)
z and v /∈ T

(1)
z , as z

must lie between any two such arcs on H. If H does not contain another arc

with this property, then the initial vertex of H must be a vertex of T
(2)
z . In

this case, the portion of the path H that lies in T
(1)
z is a hamiltonian path of

the subtournament T
(1)
z that begins at a vertex dominated by z and ends at x.

Removing any arc of this subpath yields two paths that satisfy condition (i).

So, we may assume that H contains an arc uv 6= xy with u ∈ T
(1)
z and v /∈ T

(1)
z

and in this case, the portion of H that lies in T
(1)
z consists of two vertex disjoint

paths, P1 and Q1 (assume that P1 precedes Q1 on H). If xy precedes uv on H,

then P1 ends at x and the vertex immediately preceding Q1 on H must be z,

and so condition (i) is satisfied. If uv precedes xy on H, then there must be an

arc u′v′ with u′ /∈ T
(k)
z and v′ ∈ T

(k)
z such that u′v′ precedes xy on H. In the

reversal of T , we find that yx precedes v′u′ on the reversal of H, and condition

(i) is satisfied in T , and equivalently, condition (ii) is satisfied in T .
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We note that a corollary of this result does give a sufficient condition for

non-arc-traceability in strong tournaments.

Corollary 4.14. Let T be a strong tournament having the structure given by

Theorem 4.12. If |N+(z) ∩ T
(1)
z | = 1 and |N−(z) ∩ T

(k)
z | = 1, then T is not

arc-traceable.

Proof. Let N+(z) ∩ T
(1)
z = {x} and N−(z) ∩ T

(k)
z = {y}. Then by Lemma 4.13,

xy is non-traceable.

Note that the converse of this corollary is false, as the tournament in Figure

4.1 is not arc-traceable.

At this point it appears we have characterized arc-traceable tournaments.

However, Lemma 4.13 is deceptive. We offer the following corollary to make this

clear.

Corollary 4.15. Let T be a strong tournament having arc xy and the structure

given by Theorem 4.12. Let U = N+(z) ∩ T
(1)
z and W = N−(z) ∩ T

(k)
z . Now, if

necessary, reverse arcs of T
(1)
z to form the tournament R1 such that x dominates

U . Similarly, form the tournament Rk where W dominates y by reversing arcs,

if necessary. Then xy is traceable in T if and only if the arc xu is traceable in

R1 for any u ∈ U , or the arc wy is traceable in Rk, for any w ∈ W .

Proof. If such a traceable arc exists in Rk or R1, let H be a hamiltonian path

containing this arc. Now form paths P and Q that satisfy Lemma 4.13 by

deleting the arc xu or wy. Conversely, if there exist two paths that satisfy this

Lemma, then these two paths plus an arc xu or wy form a hamiltonian path of

R1 or Rk, respectively.
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It is now clear that our characterization is something of a tautology. A

tournament T is not arc-traceable if and only if some other related tournaments

R1 and Rk are not arc-traceable. For this reason, we generally will find it easier

to use the incomplete results of Theorem 4.12 to produce sufficient conditions

for arc-traceable tournaments (and conversely, necessary conditions for non-arc-

traceable tournaments), and will use the additional structure given by Lemma

4.13 less often.

One aspect of Lemma 4.13 that we will use in the next section is that

whenever Tz has more than one vertex of minimal in-degree (out-degree), then

one of these vertices must dominate (be dominated by) z. We state this as a

separate lemma.

Lemma 4.16. Let T be a non-arc-traceable strong tournament, and let xy be

a non-traceable arc of T . If δ0(T ) > 1, then either x is the unique vertex

of minimal in-degree in Tz or δ−(T ) = δ−(Tz) for the vertex z in Theorem

4.12. Similarly, either y is the unique vertex of minimal out-degree in Tz or

δ+(T ) = δ+(Tz).

Proof. As δ0(T ) > 1 and δ0(Tz) ≥ δ0(T )− 1, we conclude that δ0(Tz) ≥ 1, and

the initial and terminal strong components of Tz contain at least three vertices.

Let R and S be the initial and terminal strong components of Tz, respectively,

and consider Rx and Sy. Vertices of minimal in-degree in Tz must either be x or

in the initial strong component of Rx, and by Lemma 4.13, Rx must dominate

z (otherwise any hamiltonian path of Rx and the trivial path x imply that the

arc xy is traceable). Thus either δ−(Tz) = δ−(T ) or the only vertex of Tz with

minimal in-degree is x. In exactly the same way, the terminal strong component
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of Sy is dominated by z and so either δ+(Tz) = δ+(T ) or the only vertex of Tz

with minimal out-degree is y.

4.3 Applications of the structure results

Although the structure described above falls short of a complete character-

ization of non-arc-traceable tournaments, it gives a great deal of information

about such tournaments. Using this structure, we improve several of the pre-

vious sufficient conditions for arc-traceable tournaments as well as improving a

result of Volkmann [42] for tournaments with δ0 ≥ 2.

Theorem 4.17. If T is a strong n-tournament with δ0 ≥ 2 and d−(x)+d+(y) ≥
n
2
− 2 for every xy ∈ A(T ), then T is arc-traceable.

Proof. We prove the contrapositive: if T is not arc-traceable, then for some arc

xy of T , d−(x) + d+(y) < n
2
− 2. Assume that T is not arc-traceable, with arc

xy on no hamiltonian path of T . Thus, T has the structure given by Theorem

4.12. Let a be the number of vertices in T
(1)
z and let b be the number of vertices

in T
(k)
z . Since T

(2)
z and T

(k−1)
z are distinct and non-empty and |Tz| = |T | − 1,

n ≥ a+b+3. Choose vertices u of minimal in-degree and v of minimal out-degree

from Tz.

Clearly, u ∈ T
(1)
z and v ∈ T

(k)
z , and hence uv is an arc of Tz and so also

an arc of T . As δ0(Tz) ≥ δ0(T ) − 1 > 0, both T
(1)
z and T

(k)
z contain at least

three vertices. Furthermore, if T
(1)
z is regular or nearly-regular, then by Lemma

4.16, we can choose u such that d−
T (u) = d−

Tz
(u) ≤ a−1

2
. Otherwise, d−

T (u) ≤

d−
Tz

(u) + 1 ≤ a−3
2

+ 1 = a−1
2

. Similarly, d+
T (v) ≤ b−1

2
. Thus d−

T (u) + d+
T (v) ≤

a+b−2
2

≤ n−5
2

< n
2
− 2, completing the proof.
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The above result gives Ore-like degree conditions on a tournament that

guarantee arc-traceability. As an obvious corollary we state the result with

Dirac-like degree conditions.

Corollary 4.18. If T is a strong n-tournament with δ0 ≥ n
4
− 1 > 1, then T is

arc-traceable.

As a consequence of this Dirac-like condition, we state the result in terms

of irregularity, similar to Theorem I.

Corollary 4.19. If T is a strong n-tournament with δ0 > 1 and i(T ) ≤ n
2

+ 1,

then T is arc-traceable.

Proof. i(T ) = (n− 1)− 2δ0, so i(T ) ≤ n
2

+ 1 implies that (n− 1)− 2δ0 ≤ n
2

+ 1.

Solving for δ0, we obtain δ0 ≥ n
4
− 1.

The structure of non-arc-traceable tournaments also gives a succinct proof

of the following result of Volkmann.

Theorem L (Volkmann [42]). In a strong tournament T , every arc of T is

on some path of length at least dn+1
2
e.

Proof. If T is arc-traceable, then every arc of T is on a path of length n and the

result is immediate. So we may assume that T is not arc-traceable, and hence

for any arc xy that is not on a hamiltonian path, T has the structure indicated

in Theorem 4.12.

Let ni be the number of vertices in the ith component of Tz. Now, let j be

the largest integer less than k such that z is dominated (in T ) by some vertex
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in the jth component of Tz. Note, 2 ≤ j < k − 1 and some vertex in the j + 1st

component of Tz is dominated by z. We can now construct two paths P1 and P2,

each containing the arc xy with orders 1 + nk +
∑j

i=1 ni and 1 + n1 +
∑k

i=j+1 ni,

respectively. Thus, the sum of the orders is at least

n1 + nk + 2 +
k∑

i=1

ni = n1 + nk + 2 + (n− 1) ≥ n + 3

and one of has order at least dn+3
2
e, and hence length at least dn+1

2
e.

In fact, by combining the above proof and Lemma 4.16 we obtain the fol-

lowing corollary.

Corollary 4.20. If T is a strong n-tournament with 1 < δ0 ≤ n
4
−1, then every

arc xy is on a path of length at least dn+1
2
e+ 2δ0.

We present one additional degree condition based on Theorem 4.12, a local

condition that is sufficient to guarantee that a given arc is traceable.

Theorem 4.21. Let T be a strong tournament with δ0 > 1 and let xy ∈ A(T ).

If d+(y) > d+(x)− 4, then xy is traceable.

Proof. Assume that xy is non-traceable. Then T has the structure given by

Theorem 4.12. Furthermore, as δ0 > 1, we can choose u1 from T
(1)
z such that x

dominates u1, and u2 from T
(k)
z such that u2 dominates y. Next, we can choose u3

and u4 from T
(2)
z and T

(k−1)
z , respectively. From the structure of Tz, x dominates

ui and ui dominates y for each i, 1 ≤ i ≤ 4. Additionally, x dominates y, so

{u1, u2, u3, u4, y} ⊆ N+(x) \ N+(y). Finally, N+(y) \ N+(x) ⊆ {z}, and so we

have

d+(y) = d+(x) + |N+(y) \N+(x)| − |N+(x) \N+(y)| ≤ d+(x)− 4.
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Next, we give two results that relate arc-traceability to kings in tournaments.

A king in a tournament is a vertex that reaches all other vertices via a directed

path of length at most two. Tournaments in which every vertex is a king were

studied in [35] and [8]. The first result, for all tournaments, is sufficient to show

that all-kings tournaments are arc-traceable.

Theorem 4.22. If T is an n-tournament with n or n − 1 kings, then T is

arc-traceable.

Proof. Assume that T is not arc-traceable, and hence has the structure given in

Theorem 4.12. Choose v1 and v2 from T
(k−1)
z and T

(k)
z , respectively and observe

that for any vertex u ∈ T
(2)
z , the shortest path from vi to u has length at least

three. Thus neither v1 nor v2 are kings and so T has at most n− 2 kings.

When δ0 > 1, similar techniques give a slightly improved result.

Theorem 4.23. If T is a non-arc-traceable strong n-tournament with δ0 > 1,

then T has at most n− 3− 2δ+ kings.

Proof. Assume that T is non-arc-traceable, and let xy be a non-traceable arc

of T . Then T has the structure given by Theorem 4.12, and since δ− > 1,

T
(1)
z has order at least three. As a consequence of Lemma 4.13, there must be

some vertex v ∈ T
(1)
1 with v → z. Now, for any vertex w ∈ T

(j)
z for j > 1,

the shortest path from w to v has length at least three. Hence we conclude

that the set of kings of T is contained in V (T
(1)
z ) ∪ {z}. We count the vertices

not in this set and find at least one vertex each in T
(2)
z and T

(k−1)
z and at least
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2δ+(Tz) + 1 vertices in T
(k)
z . Thus, there are at most n − 2 − (2δ+(Tz) + 1)

kings of T , and the proof is complete if δ+(Tz) = δ+(T ). Otherwise, since

δ0 > 1, Lemma 4.16 implies that T
(k)
z is not regular or nearly regular, and so

must have at least 2δ+(Tz) + 3 vertices. In this case, we again have at most

n − 2 − (2δ+(Tz) + 3) = n − 2 − (2(δ+(T ) − 1) + 3) = n − 3 − δ+(T ) kings in

T .

4.4 Extremal results related to arc-traceable tournaments

In this section, we use the structure of non-arc-traceable strong tournaments

to produce some extremal results. First, we fix n and consider the maximum

number of non-traceable arcs in a strong n-tournament. Later, we consider tour-

naments with m arc-disjoint paths between any two vertices, and we determine

the minimal n such that some m-arc-strong n-tournament is not arc-traceable.

In Chapter 3, we constructed an upset n-tournament with n2−4n+3
8

non-

traceable arcs for any odd n, and we proved that this tournament was maximal

with respect to the number of non-traceable arcs. We will denote this tour-

nament Tmax, and recall that this tournament is obtained from the transitive

tournament on the set V = {v0, . . . vn−1} where d+(vi) = i by reversing the arcs

vivi+2 for each even i < n − 1. We now prove that any strong n-tournament T

has at most this number of non-traceable arcs with equality if and only if T is

isomorphic to Tmax.

Lemma 4.24. Let T be a strong tournament having a cut-vertex z. If X =

{x : T
(1)
z can not be covered by paths P and Q such that P begins at a vertex

dominated by z and Q ends at x}, then |X| ≤ a+1
2

, where a = |T (1)
z |. Similarly,

|Y | ≤ b+1
2

for the analogous set Y , where b = |T (k)
z |.

55



Proof. Assume that X = {x0, x1, . . . , xm}. If |N+(z) ∩ X| ≥ 1, then assume

that z dominates x0. Let Pi be the longest path not containing xi that begins

at a vertex dominated by z. As z dominates x0 or some some vertex z+ /∈ X,

Pi is a path containing at least one vertex for each i, 1 ≤ i ≤ m. Let Si =

V (T
(1)
z ) \ V (Pi) for 1 ≤ i ≤ m. We claim first that Si \ {xi} dominates V (Pi).

Assume otherwise, and let v be the last vertex along Pi such that v dominates w

for some w ∈ Si\{xi}. If v is the terminal vertex of Pi, then Piw is a longer path

than Pi beginning at a vertex dominated by z. Otherwise, by the minimality of

v, we can replace the arc vv+ of Pi with the 2-path vwv+ and again obtain a

path that begins at vertex dominated by z that is longer than Pi. Note, since

T
(1)
z is strong, Si must be reachable from V (Pi), and thus some vertex of V (Pi)

must dominate xi. Choose such a vertex and call it vi.

Now, let Qi be the longest path of T [Si] that ends at xi, and let Ui =

Si \ V (Qi). By the definition of X, Ui 6= ∅ for 1 ≤ i ≤ m and Ui ⊂ Si \ {xi},

so Ui dominates V (Pi). By a similar argument used above, we also note that

Ui is dominated by each vertex of V (Qi). Thus, we conclude that V (Qi) \ {xi}

dominates both Ui and V (Pi).

Additionally, observe that the terminal strong component of T [Ui] contains

no vertex of X and hence Ui \ X 6= ∅. To see this, let H be any hamiltonian

path of T [Ui] ending at some vertex of X, and construct the paths QiH and Pi,

which partition the vertices of T
(1)
z . The initial vertex of Pi begins at a vertex

dominated by z, and so by definition the terminal vertex of QiH is not in X.

Since we can choose H so that it ends at any vertex in the terminal strong

component of T [Ui], this terminal strong component is disjoint from X.
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Finally, we claim that Ui∩Uj = ∅ for all i 6= j. Assume otherwise, and choose

i 6= j with u ∈ Ui ∩Uj. Without loss of generality assume that xi dominates xj.

Since u ∈ Ui, and Ui dominates V (Pi), u dominates vi. Similarly, as V (Qi) and

V (Qj) dominate Ui∩Uj, xi and xj both dominate u. Since vi does not dominate

u and V (Qj) dominates u, vi /∈ V (Qj), and hence vi ∈ V (Pj) ∪ Uj. Also, since

xi dominates xj by assumption, and V (Qj) dominates Uj, xi /∈ Uj. Further, xi

dominates u and Uj dominates V (Pj) so xi /∈ V (Pj). Thus, xi ∈ V (Qj) \ {xj}

and so xi dominates both Uj and V (Pj). Since vi ∈ V (Pj)∪Uj, this requires that

xi dominates vi, contradicting the choice of vi as a vertex of Pi that dominates

xi.

The above arguments show that Ui \X 6= ∅ for 1 ≤ i ≤ m and Ui ∩ Uj = ∅

for i 6= j, which establishes that∣∣∣∣∣
(

m⋃
i=1

Ui

)
\X

∣∣∣∣∣ =
m∑

i=1

|Ui \X| ≥ m = |X| − 1.

Thus, we have a ≥ |X|+ m = 2m + 1 = 2|X| − 1 and so |X| ≤ a+1
2

.

The bound for the set Y is obtained using an identical argument in the

reversal of T .

Corollary 4.25. Let T be a strong tournament having the structure given by

Theorem 4.12. The number of non-traceable arcs from T
(1)
z to T

(k)
z is at most

(ab+a+b+1)
4

where a = |T (1)
z | and b = |T (k)

z |.

Proof. Let B be the set of arcs we wish to count. Define the sets X and Y as in

Theorem . By Lemma 4.13, an arc a = uv is in the set B if and only if u ∈ X

and v ∈ Y and so |B| = |X||Y | and by Lemma 4.24, |X||Y | = (a+1)(b+1)
4

.
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Theorem 4.26. If T is a strong n-tournament, then T has at most n2−4n+3
8

non-traceable arcs, with equality if and only if T is isomorphic to Tmax.

Proof. For n = 3 and n = 4, there is a unique strong n-tournament, and in

both cases this tournament is arc-traceable and so has at most 0 = b42−4(4)+3
8

c

non-traceable arcs, and this tournament is isomorphic to Tmax.

For n > 4, assume that T is non-arc-traceable. Let xy be a non-traceable

arc of T , and let T have the structure given by Theorem 4.12. Let A = T
(1)
z and

B = T
(k)
z , with a = |A| and b = |B|, and choose u ∈ T

(2)
z and w ∈ T

(k−1)
z . If

a = x′y′ is a non-traceable arc of T , neither T − x′ nor T − y′ are strong, and

hence x′ and y′ must both be in the set A∪B ∪ {z}. Thus, a is either an arc of

T [A ∪ {u, z}], an arc of T [B ∪ {w, z}], or an arc from A to B.

We claim that every arc of T [A∪{u, z}] or T [B∪{w, z}] that is non-traceable

in T is also non-traceable in this subtournament. Assume that some arc a is

traceable in T [A ∪ {u, z}], and let P be a hamiltonian path of this tournament

containing the arc a. If P ends at a vertex other than z, then for any hamiltonian

path Q of the vertices not on P , PQ is a hamiltonian path of T containing a.

On the other hand, u has out-degree one in this subtournament, so if H ends

at z it must end with the arc uz. If a is not the arc uz, then we can remove

this arc from the end of P to obtain the path P ′. Then for any hamiltonian

path of the remaining vertices Q such that Q ends at a vertex dominating z,

P ′Qz is a hamiltonian path of T containing a. Finally, if a = uz, then we can

let P ′ be any hamiltonian path of T
(1)
z beginning at a vertex dominated by z

and if Q is any hamiltonian path of the remaining vertices of Tz − u, aP ′Q is a

hamiltonian path of T . An identical argument in the reversal of T establishes
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the corresponding result for T [B ∪ {w, z}].

As both of the subtournaments T [A ∪ {u, z}] and T [B ∪ {w, z}] are strong,

we can apply the induction hypothesis, and hence T [A∪{u, z}] and T [B∪{w, z}]

have at most (a+2)2−4(a+2)+3
8

and (b+2)2−4(b+2)+3
8

non-traceable arcs, with equality

if and only if each of these subtournaments are isomorphic to Tmax. Summing

these two values, we obtain a2+b2−2
8

.

Finally, by Corollary 4.25, there are at most (a+1)(b+1)
4

non-traceable arcs

from A to B. Combining and observing that a + b ≤ n − 3, the number of

non-traceable arcs in T is at most

a2 + b2 − 2

8
+

ab + a + b + 1

4
=

(a2 + 2ab + b2) + 2(a + b)

8

=
(a + b)2 + 2(a + b)

8

≤ (n− 3)2 + 2(n− 3)

8

≤ n2 − 6n + 9 + 2n− 6

8

≤ n2 − 4n + 3

8

The proof is complete by noting that in the above equation, equality is

established if and only if n = a + b + 3 and the subtournaments T [A ∪ {u, z}]

and T [B ∪ {w, z}] are both upset tournaments isomorphic to the appropriate

size Tmax. From this it follows directly that T is also an upset tournament and

isomorphic to Tmax.

As noted earlier, a consequence of Theorem 4.7 implies that for any non-

traceable arc xy in a strong tournament T , there exists a y, x separating set of
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x y

Figure 4.2: A tournament with non-traceable arc xy and two arc-disjoint paths
from y to x.

vertices of order 1 (the vertex z in the theorem). We now show that a similar

result for a separating set of arcs is impossible. In particular, we show that for

any m > 0 there exists a strong tournament T that has a non-traceable arc xy

with m arc-disjoint paths from y to x. As an example, in the tournament in

Figure 4.2, xy is not on any hamiltonian path, and there exist 2 arc-disjoint

paths from y to x.

For convenience, throughout the remainder of this chapter we will let n =

2m+1. For an arbitrary m, we construct a strong tournament by reversing the

arcs of a set of m arc-disjoint paths in a transitive tournament of order n + 1.

Let T be a transitive (n + 1)-tournament with vertices labeled v0, . . . , vn such

that d+(vi) = i. Now consider the paths

Pi = vnv(n−2i)v(n−2·2i)v(n−3·2i) . . . , v0, for 1 ≤ i ≤ m.

We reverse the arcs in each of these paths to obtain the tournament T[m], and

will refer to the reversed path Pi as the ith upset path and denote it Ui. Note, vn
2

is on each Ui, and thus for any i < n
2

< j, vn
2

separates vi and vj. Also, observe

that we can view the construction of T[m+1] recursively; take two copies of T[m]

sharing a single vertex (the terminal endpoint of all the upset paths from one

copy, and the initial endpoint of the upset paths in the other copy) and reverse
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the 2-path Pm+1.

Lemma 4.27. The arc vnv0 is not on any hamiltonian path of the tournament

T[m].

Proof. For m = 1, T[1] is an upset tournament on 5 vertices, and it is easy to

verify that v5v0 is not on any hamiltonian path of T[1]. Now, assume the result

for m and consider T[m+1]. Consider P , a path in T[m+1] containing the arc v2nv0

of maximal length, and as T[m+1] is isomorphic to its reversal, without loss of

generality assume that vn precedes v2n on P . Let vt be the terminal vertex of

P and vi the first vertex of P with index i ≤ n. Since vn separates va from vb

for each a < n < b, every vertex between vi and vn must have index j < n.

Similarly, every vertex between vn and v2n must have index j > n and every

vertex following v0 must have index j < n. Thus, all the vertices of P with index

j ≤ n are contained in the subpaths vi . . . vn and v0 . . . vt. We now consider the

combined sequence of vertices Q = vi, . . . , vn, v0, . . . , vt. Each of the vertices

in this sequence has index j ≤ n, and every pair of consecutive vertices other

than vnv0 are joined by an arc of T[m+1]. Since vnv0 ∈ A(T[m]), we can use the

recursive perspective described earlier and think of this sequence as a path of

T[m]. Since Q contains the arc vnv0, by the induction hypothesis, this can not be

a hamiltonian path of T[m], and so there is a vertex va, a < n, that is not in the

sequence Q. By the minimality of i, va can not precede vi, and vn separates va

from v2n, so va can not lie between vn and v2n on P . Hence va is not on the path

P . Consequently, the longest path containing the arc v2nv0 is not hamiltonian,

and v2nv0 is non-traceable.
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Thus for any m, we can construct a tournament with n + 1 vertices with a

non-traceable arc xy such that there exist m arc-disjoint paths from y to x. Next

we show that this is the minimal number of vertices among strong tournaments

with this property.

Theorem 4.28. If T is a strong k-tournament containing a non-traceable arc xy

such that there exist m arc-disjoint paths from y to x, then k ≥ n+1 = 2m+1+1.

Proof. Again, the proof is by induction. For m = 1, the result is obtained

by observing that the unique strong tournaments on 3 and 4 vertices are arc-

traceable. Next, assume the result for m and consider the smallest strong k-

tournament T , with non-traceable arc xy and m + 1 arc-disjoint paths from y

to x. Assume that k < 2n + 1 = 2m+2 + 1.

As xy is non-traceable, T must have the structure given by Theorem 4.12.

Furthermore, the minimality of T implies that Tz has exactly four strong com-

ponents, and that the second and third components both consist of a single

vertex. Let X be the set of vertices in the first and second strong components

of Tz, and Y = V (Tz) \ X. Clearly, either |X| < n or |Y | < n. Without

loss of generality, assume |X| < n and consider the tournament T [X ∪ {z}]. If

zx ∈ A(T ), then reverse this arc to form the tournament T ′. Otherwise, simply

let T ′ = T [X ∪ {z}]. Since z is on every path from y to x, and there are m + 1

arc-disjoint paths from y to x, there also exist m + 1 arc disjoint paths from z

to x in T and at most one of these contains the arc zx (if it is an arc of T ).

Thus, there are at least m arc-disjoint paths from z to x in T ′. Clearly, T ′ is

strong and has fewer than n+1 vertices, and so by the induction hypothesis, xz

is on some hamiltonian path of this tournament. Let P be such a hamiltonian
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path, and split P into two smaller paths P1, consisting of all the vertices up to

and including x and P2, consisting of all the vertices of P that follow z. The

structure of T ′ guarantees that both P1 and P2 are paths of order at least 1.

The only vertex of T ′ on neither P1 or P2 is z, so each vertex of X is on either

P1 or P2. Next, the structure of T requires that T [Y ∪ {z}] must be strong, so

let C be a hamiltonian cycle of this tournament and let Q1 be the subpath of

C from y to z, inclusive, and Q2 the subpath of C from the vertex immediately

succeeding z to the vertex immediately preceding y. We allow for the possibility

that Q2 may have order 0. Thus, every vertex of Y ∪ {z} is on either Q1 or Q2.

We now construct H = P1Q1P2Q2, and we claim that H is a hamiltonian path

of T . First, the terminal vertex of P1 is x and the initial vertex of Q1 is y, and

xy ∈ A(T ) by assumption. Next, the terminal vertex of Q1 is z, and the initial

vertex of P2 is the vertex immediately following z on P . Lastly, the terminal

vertex of P2 is a vertex of X, while the initial vertex of Q2 (if any) is a vertex

of Y , and X dominates Y . So, H is indeed a path of T . That H is hamiltonian

is immediate; it includes all of X and Y as well as the vertex z. Finally, H

includes the arc xy. But xy is non-traceable, contradicting our assumption that

k < 2n + 1.

The previous results apply to a particular arc xy and as a result we make

no claim about the number of arc-disjoint paths between every two vertices.

In fact, for each m, T[m] contains a vertex of in-degree 1 (v(n−1)) as well as

a vertex of out-degree 1 (v1), so we have yet to produce even a 2-arc-strong

tournament that is not arc-traceable. We now seek to construct such an m-arc-

strong non-arc-traceable tournament. Doing so requires only a minor variation
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on the construction of T[m].

Specifically, let T ′
[m] be a tournament on n + 4m− 3 vertices obtained from

T[m] by removing the vertices v1 and vn−1 and adding sets U1 and Un−1 each of

order 2m − 1. Orient the edges incident with vertices of U1 ∪ Un−1 such that

T [U1] and T [Un−1] are regular tournaments of degree m−1, and Un−1 dominates

every other vertex of T ′
[m] except vn, and U1 is dominated by every remaining

vertex of T ′
[m] except v0.

Lemma 4.29. T ′
[m] is m-arc-strong.

Proof. It suffices to show that v0 both reaches and is reached by every other

vertex of T ′
[m] using m arc-disjoint walks. The result then follows by a variant

of Theorem E.

To show that each vertex reaches v0 in m different ways, first consider any

vertex u ∈ U1 and let N+(u) ∩ U1 = {u1, . . . , um−1}. Clearly, Wi = uuiv0 for

1 ≤ i ≤ m−1 and Wm = uv0 are m arc-disjoint walks from u to v0. Additionally,

for any vertex v /∈ U1, Wi = vuiv0 for 1 ≤ i ≤ m − 1 and Wm = vuv0 are arc-

disjoint walks from v to v0.

To show that v0 reaches every other vertex by m arc-disjoint walks, we use

the set of m upset paths U1, . . . Um. Clearly, U1, . . . , Um are arc-disjoint paths

from v0 to vn. To show that v0 reaches every vertex of w ∈ Un−1 by m arc-

disjoint walks, let N−(w) ∩ Un−1 = {w1, . . . wm−1} and let Wi = Uiwiw for

1 ≤ i ≤ m− 1 and Wm = Umw. As above, for v /∈ Un−1 ∪ {vn}, let Wi = Uiwiv

for 1 ≤ i ≤ m− 1 and Wm = Umwv.

Lemma 4.30. The arc vnv0 of T ′
[m] is non-traceable.
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Proof. Assume the result is false, so there is some hamiltonian path H of T ′
[m]

that contains the arc vnv0. Since N−(u) \ Un−1 = {vn} for any u ∈ Un−1, any

path ending at a vertex of Un−1 is either a path of T [Un−1], or includes an arc

vnw for some w ∈ Un−1. Since H can not contain any of these arcs, every

subpath of H ending at a vertex of Un−1 is a path of T [Un−1] and hence the

first 2m − 1 vertices of H are precisely the vertices in the set Un−1. Similarly,

every subpath of H beginning at a vertex of U1 is a path of T [U1] and hence

the last 2m− 1 vertices of H are precisely the vertices in U1. Now, the subpath

Q of H beginning with first vertex of H not in Un−1 and ending at the last

vertex of H not in U1 is also a path of T[m] containing vnv0, and this path has

order n + 4m − 3 − (4m − 2) = n − 1. Furthermore, this path cannot begin

at the vertex vn because this vertex is in N+(u) for some u ∈ Un−1. Similarly,

the last vertex of Q is in N−(w) for some w ∈ U1, so Q does not end at the

vertex v0. Thus, vn−1Qv1 is a path of T[m] with order n + 1, and hence vn−1Qv1

is hamiltonian. But this path contains vnv0, contradicting Theorem 4.7. Thus,

vnv0 is non-traceable in T ′
[m].

Finally, we conclude this chapter with a proof that T ′
[m] has the fewest ver-

tices among all non-arc-traceable m-arc-strong tournaments.

Theorem 4.31. If T is a non-arc-traceable m-arc-strong k-tournament, then

k ≥ n + 4m− 3.

Proof. For m = 1, the result is immediate by observing that all strong tourna-

ments are 1 arc-strong and that 21+1 − 4(1) − 3 = 5 is the size of the smallest

non-arc-traceable strong tournament. So we can assume that m ≥ 2. Let xy be
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a non-traceable arc of T . Define Sx as the initial strong component of T − x

and Sy as the terminal strong component of T − y. If y ∈ Sx, there would exist

a hamiltonian path of T beginning with the arc xy. So y /∈ Sx and similarly,

x /∈ Sy. As T is m arc-strong, δ0
T ≥ m and δ0

T−v ≥ m − 1 for any v ∈ V (T ).

Thus, δ−T−x ≥ m − 1 and δ+
T−y ≥ m − 1 and consequently both |Sx| ≥ 2m − 1

and |Sy| ≥ 2m− 1.

Next, we claim that Sx∩Sy = ∅. Assume otherwise, and choose z ∈ Sx∩Sy.

Since z ∈ Sx, it reaches every vertex of T −x, and since y /∈ Sx, it reaches every

vertex of (T −x)− y. So z is in the terminal strong component of T − y but the

initial strong component of T − y− x. As a result, the initial strong component

of T − y must be {x}. This requires that δ−T−y = 0 < m− 1, a contradiction.

Lastly, observe that no path from y to x can use any vertex of Sx ∪ Sy, as

every path from y to Sx must contain the vertex x, and dually every path from

Sy to x must contain y. Thus we can form T ′ by replacing the entire set Sx with

a single vertex ux and replacing the entire set Sy with a single vertex uy without

disturbing any path from y to x. Thus, there remain m arc-disjoint paths from y

to x in T ′. Furthermore, if we let x dominate ux and let uy dominate y, then T ′ is

strong. By a similar argument to the one used in Lemma 4.30, any hamiltonian

path of T ′ containing the arc xy can be extended to a hamiltonian path of T

containing this arc. As xy is not on any hamiltonian path of T by assumption,

it is therefore not on any hamiltonian path of T ′. By Lemma 4.28, T ′ has at

least n + 1 vertices and so T has at least (n + 1)− 2 + 2(2m− 1) = n + 4m− 3

vertices.
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5. Related problems

In this concluding chapter, we consider arc-traceability in other classes of

digraphs related to tournaments, as well as various other ways to generalize

arc-traceability. We will introduce new definitions and notation as needed. The

main result of this chapter will be a characterization of arc-traceability in the

class of strong round-decomposable locally semicomplete digraphs. These results

are intended to suggest new directions for the investigation of arc-traceable

digraphs and to propose the study of properties similar to arc-traceability that

bear further study.

5.1 Semicomplete digraphs

A semicomplete digraph is a strict digraph D, such that for every pair of

distinct vertices x, y ∈ V (D), either xy ∈ A(D) or yx ∈ A(D) or both. In other

words, a semicomplete digraph is any strict digraph that contains a tournament

as a spanning subdigraph. As such, we would like to be able to generalize the

techniques and results of Chapter 4 in a natural way to obtain results for this

class of digraphs.

For example, we note that just like tournaments, the condensation D∗ of a

semicomplete digraph D is a transitive tournament. Thus, just as for tourna-

ments we have the following observation.

Proposition 5.1. Let D be a semicomplete digraph. If D is arc-traceable, then

D is strong or has two strong components D1 and D2, each of which are arc-

traceable semicomplete digraphs.
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Next, we will show that every 2-connected semicomplete digraph is arc-

traceable. The argument used in Chapter 4 for tournaments only uses the fact

that strong tournaments are hamiltonian. So our next observation follows by

observing that a strong semicomplete digraph is hamiltonian due to Theorem

D.

Proposition 5.2. Every 2-connected semicomplete digraph is arc-traceable.

Continuing in this way, a careful reading of Lemma 4.3 and Theorem 4.4

shows that these results hold for semicomplete digraphs as well as tournaments.

Thus we obtain the same sufficient condition given by Corollary 4.5.

Corollary 5.3. If D is a strong semicomplete digraph, and every arc of D is

on some cycle of length l > n+1
2

, then D is arc-traceable.

Up to this point, we have obtained exactly the same results for semicomplete

digraphs that we did for tournaments. However, an analog of Theorem 4.7 is

not quite as immediate. If an arc xy of a semicomplete digraph D is part of a

cycle of length two, then it makes no sense to speak of a y, x-separating set and

we are not able to use Menger’s Theorem. Apart from this difficulty, however,

the proof of Theorem 4.7 remains valid even when other 2-cycles remain in the

digraph. This yields a result that is only slightly modified.

Theorem 5.4. Let D be a strong semicomplete digraph and let xy ∈ A(D) be

such that there exist at least two (internally) disjoint paths of length at least two

from y to x in D. Then there exists a hamiltonian path of D containing the arc

xy.
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As a result of this modification, the structure of a non-arc-traceable strong

semicomplete digraph is similar but not identical to the structure for tourna-

ments. To make the analog of Theorem 4.12 as simple as possible, we define the

subdigraph D(uv) of D by V (D(uv)) = V (D) and A(D(uv)) = A(D) \ {uv}. So,

in the case where uv /∈ A(D), D(uv) = D. Certainly, no path including the arc

xy can also include the arc yx. Thus, we observe that xy is traceable in D if

and only if xy is traceable in D(yx). We now give the main structure theorem

for semicomplete digraphs, which is an amalgam of the semicomplete digraph

analogs of Theorem 4.12 and Corollary 2.2.

Theorem 5.5. If D is a strong semicomplete digraph and xy ∈ A(D) is not on

a hamiltonian path, then either Dyx has three or more strong components, or

there exists a vertex z ∈ V (D(yx)) such that:

• D(yz) − z has k ≥ 4 strong components.

• x is in the initial strong component, and y is in the terminal strong com-

ponent of D(yx) − z.

• z is dominated by the 2nd strong component and dominates the (k − 1)st

strong component of D(yx) − z

To illustrate Theorem 5.5, we give two non-arc-traceable strong semicom-

plete digraphs in Figure 5.1. The digraph on the left has non-traceable arc

xy, and the digraph obtained by removing the corresponding arc yx has three

strong components. The right hand digraph has the structure similar to non-

arc-traceable strong tournaments, but with the additional arc yx. In both cases,

additional 2-cycles may be present within the components.
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Figure 5.1: Two non-arc-traceable strong semicomplete digraphs.

Proceeding in this fashion, we can use the slightly modified structure given

above to yield results for semicomplete digraphs that closely match the results for

tournaments. We illustrate this by giving degree constraints sufficient to guar-

antee arc-traceability. Observe that these conditions differ significantly from the

conditions for tournaments because in the strong components of a semicomplete

digraph we allow cycles of length two.

Theorem 5.6. If D is a strong semicomplete digraph on n vertices with δ0 ≥ 2,

and for every xy ∈ A(D), d−(x) + d+(y) ≥ n− 2, then D is arc-traceable.

Proof. Assume D is not arc-traceable. Then by Theorem 5.5, either D(yx) has

three or more strong components or we can find a vertex z as described in the

theorem.

If D(yx) has three or more strong components, then let a and b be the

number of vertices in the initial and terminal strong components, respectively.

Note, n ≥ a+b+1, and since δ0 > 1, both a and b are at least two. This implies
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that we can choose vertices u and v in these components with d−
D(u) ≤ a − 1

and d+
D(v) ≤ b− 1. It must be the case that u → v and hence we have an arc of

D with d−(u) + d+(v) ≤ a + b− 2 = n− 3.

If instead, D(yx) has a vertex z as described in Theorem 5.5, let the number

of vertices in the first strong component of D(yx)−z be a and let b be the number

of vertices in the last strong component. This requires that n ≥ a + b + 3, and

both a vertex u with d−
D(yx)

(u) ≤ a − 1 and a vertex v with d+
D(yx)

(v) ≤ b − 1.

Again, it is clear that u → v in D and for this arc, d−
D(u)+d+

D(v) ≤
(
d−

D(yx)
(u)+

1
)

+
(
d−

D(yx)
(u) + 1

)
= a + b = n− 3.

5.2 Round digraphs

Another generalization of tournaments in which arc-traceability can be con-

sidered is the class of digraphs known as local tournaments. A digraph is a local

tournament if the subdigraphs induced on N+(v) and N−(v) are tournaments

for every vertex v. Originally introduced as locally semicomplete digraphs in [5],

the structure of local tournaments was investigated by Huang in [19].

Our analysis of arc-traceable locally semicomplete digraphs begins with a

special case of local semicomplete digraphs called round digraphs. A digraph D

is said to be round if there is an ordering of V (D) such that N−(vi) = {vi−j | 1 ≤

j ≤ d−(vi)} and N+(vi) = {vi+j | 1 ≤ j ≤ d+(vi)} for each vi ∈ V (D) (addition

of subscripts is modulo n). The ordering is called a round labeling or round

enumeration of the digraph D. We give a few observations about round digraphs

in general.

Theorem M (Huang [20]). A round digraph is locally semicomplete.
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Figure 5.2: A round local tournament with cycles of length two.

Proof. Let D be a round digraph with round labeling V (D) = {v0, . . . vn−1}. If

d+(vi) ≤ 1, then the out-neighborhood of vi is trivially a semicomplete digraph.

So for any i such that d+(vi) > 1, choose vj and vk from N+(vi). Without loss

of generality, assume that i < j < k. Now since vi ∈ N−(vk), the round labeling

implies that vj ∈ N−(vk). Thus, every pair of distinct vertices in N+(vi) are

adjacent. Similarly, every pair of distinct vertices in N−(vi) are adjacent, D is

locally semicomplete.

Since a semicomplete digraph with no 2-cycles is a tournament, we get a

sufficient condition for a round digraph to be a local tournament.

Proposition 5.7. A round digraph with no cycles of length two is a local tour-

nament.

The converse of this statement is false, however, as shown by the round

digraph in Figure 5.2 which is a local tournament despite having a cycle of

length two.

It is easy to see from the round labeling that any round digraph with δ+ ≥ 1

is hamiltonian, since vi → vi+1 for each i, 0 ≤ i ≤ n − 1. A similar argument

gives a sufficient condition for a round digraph to be arc-traceable.
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Theorem 5.8. A round digraph D with δ+ ≥ 2 is arc-traceable.

Proof. Let D be a round digraph with δ+ ≥ 2, and let V (D) = {v0, . . . , vn−1}

be a round labeling of D. Now choose any arc a = vivj of D. If j = i+1, then a

is on a hamiltonian cycle, so we may assume that j 6= i+1. Consider the vertex

vj−1. Since d+(vj−1) > 2, the round labeling requires that vj−1 → vj+1 and we

can construct the hamiltonian path vi+1vi+2 · · · vj−1vj+1vj+2 . . . vivj.

Before returning to the case of δ+ = 1, we consider non-strong round di-

graphs. Clearly, these are precisely the round digraphs with δ+ = 0. We show

that such digraphs are acyclic.

Lemma 5.9. If D is a round digraph that is not strongly connected, then D is

acyclic.

Proof. Let D be a round digraph with the usual round labeling, and let C be

a directed cycle in this digraph. Then some arc of C must be of the form vjvi

with i < j. The round labeling forces N+(vj) ⊆ {vj+1, . . . , vn−1, v0, . . . , vi} and

so we have vjv0 ∈ A(D). Again, we use the round labeling, which implies that

N−(v0) ⊆ {vj, . . . , vn−1}. Using the round labeling a third time, we find that

N−(vi) ⊆ {vj, . . . , vn−1, v0, . . . , vi−1}. This implies that d+(vk) ≥ 1 for 0 ≤ k < i

and j ≤ k ≤ n− 1 and since vi is on the cycle C, d+(vi) ≥ 1 as well.

Now certainly, for any k with i < k < j, C contains some arc vavb with

a < k < b. Thus, using the round labeling once again, vk ∈ N−(vb) and so

d+(vk) ≥ 1 for each i < k < j and hence we have δ+ ≥ 1 and D is strong.

As a consequence of the above lemma, we observe that a round digraph that

is not strongly connected has at most one hamiltonian path.

73



Proposition 5.10. An acyclic digraph has at most one hamiltonian path

Proof. Let H1 = v1v2 · · · vn be a hamiltonian path of a directed graph D. Then

if D contains any other hamiltonian path H2, this path must include an arc vjvi

with i < j, which implies that vivi+1vi+2 · · · vj is a cycle of D.

Hence, the only arc-traceable round digraph that is not strongly connected

is a directed path.

Proposition 5.11. A round digraph D that is not strongly connected is arc-

traceable if and only if it is a directed path.

To complete our brief analysis of arc-traceable round digraphs, we return

to the case where δ+ = 1. We proceed in a similar way as we did for upset

tournaments; we give necessary and sufficient conditions for a given arc to be

traceable.

Theorem 5.12. Let D be a strongly connected round digraph with round labeling

V = {v0, . . . , vn−1}. An arc vivj is traceable if and only if j = i+1, d+(vi−1) ≥ 2

or d+(vj−1) ≥ 2.

Proof. Assume that a = vivj is traceable and j 6= i+1. Let H be a hamiltonian

path of D containing this arc. Define the sets V1 = {vi+1vi+2 · · · vj−2vj−1} and

V2 = {vj+1vj+2 · · · vi−2vi−1}. If vi−1 precedes a on H, then H must include some

arc vavb with va ∈ V2 and vb ∈ V1. Thus, vi−1 ∈ N−(vb) and so d+(vi−1) ≥ 2.

Similarly, if vi−1 follows the arc a on H, then there is some arc vavb on H with

va ∈ V1 and vb ∈ V2 and thus vj−1 ∈ N−(vb) and d+(vj−1) ≥ 2.

For the converse, assume first that j = i + 1. In this case, vivi+1 · · · vi−1

is a hamiltonian path containing a. Next, assume that d+(vi−1) ≥ 2. Then,
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vi−1vi+1 is an arc of D and vivjvj+1 · · · vi−1vi+1vi+2 · · · vj−1 is a hamiltonian

path of D so long as j 6= i − 1. In this case, vivjvi+1vi+2 · · · vi−2 is a hamil-

tonian path of D. Finally, if d+(vj−1) ≥ 2, vj−1vj+1 is an arc of D and thus

vi+1vi+2 · · · vj−1vj+1 · · · vi−1vivj is a hamiltonian path of D for j 6= i − 1 and

vi+1vi+2 · · · vi−2vivj is a hamiltonian path otherwise.

We now take our characterization of traceable arcs and use it to obtain a

characterization of arc-traceable strong round digraphs. Recall that D(uv) is the

digraph obtained from D by removing the arc uv, if it is present.

Theorem 5.13. Let D be a strong round digraph. Then D is arc-traceable if and

only if D − {x, y} is traceable and D(yx) has δ− + δ+ > 0 for every xy ∈ A(D).

Proof. Let V = {v0, . . . , vn−1} be a round labeling of D. Assume that D is

arc-traceable and choose an arbitrary arc vivj ∈ A(D). Thus, by Theorem 5.12,

j = i + 1, d+(vi−1) ≥ 2 or d+(vj−1) ≥ 2.

First, we show that D(vjvi) has δ− + δ+ > 0. If j 6= i − 1, then D(vjvi) is

hamiltonian, and if j = i − 1, then either vj−1 → vi or vj → vi+1 and so after

removing the arc vjvi, we still have d+(vj) > 0 or d−(vi) > 0. Since the in-

degree and out-degree of all other vertices remains unchanged and D is strong,

it follows that δ− + δ+ > 0 in D(vjvi), as desired.

Next, we show that D − {x, y} is traceable. If j = i ± 1, then let P be

the path vi+2vi+3 · · · vn−1v0 · · · vi−2. Now, either Pvi−1 or vi+1P is a hamiltonian

path of D − {x, y}. So we can assume that j 6= i ± 1. If d+(vi−1) ≥ 2, then

vi−1 → vi+1 and vj+1 · · · vi−1vi+1 · · · vj−1 is a hamiltonian path of D − {x, y}.

Similarly, if d+(vj−1) ≥ 2, then vi+1 · · · vj−1vj+1 · · · vi−1 is a hamiltonian path of
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Figure 5.3: A strong non-arc-traceable round digraph.

D − {x, y}.

For the converse, assume that D − {vi, vj} is traceable and D(vjvi) has

δ+ + δ− > 0 for each vivj ∈ A(D). Let V1 = {vi+1, . . . , vj−1} and V2 =

{vj+1, . . . , vi−1}, and let H be a hamiltonian path of D − {vi, vj}. If neither

V1 nor V2 are empty, then H must contain an arc vavb from V1 to V2 or from

V2 to V1. Thus, either vj−1 ∈ N−(vb) or vi−1 ∈ N−(vb) and so d+(vj−1) ≥ 2

or d+(vi−1) ≥ 2. Hence, by Theorem 5.12 vivj is traceable. If V1 is empty,

then j = i + 1 and clearly, vivj is traceable. Finally, if V2 is empty, then

j = i − 1 and either N+(vj) = {vi} or vj → vi+1. Additionally, either

N−(vi) = {vj} or vj−1 → vi. As δ+(D(vjvi)) + δ−(D(vjvi)) > 0, we must have

either vj → vi+1 or vj−1 → vi. In the former case, vivjvi+1 · · · vn−1v0 · · · vi−2 is

a hamiltonian path of D containing the arc vivj. Similarly, in the latter case

vi+1vi+2 · · · vn−1v0v1 · · · vj−1vivj is a hamiltonian path of D containing the re-

quired arc. Consequently, vivj is traceable and since this arc was arbitrary, D

is arc-traceable.

The need for the somewhat awkward “extra” condition on D(yx) in Theorem

5.13 is illustrated in Figure 5.3. The transitive tournament with an additional

arc from x to y is strong, with a single non-traceable arc (the arc xy), but the

digraph remaining when the vertices incident with this new arc are removed
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is certainly traceable. To see that this digraph is round, simply note that the

transitive ordering of the original tournament is also a round labeling of the

digraph.

5.3 Locally semicomplete digraphs

Turning our attention to locally semicomplete digraphs in general, we first

consider the case of such digraphs that are not strongly connected. In this case,

we use a result of Bang-Jensen.

Theorem N (Bang-Jensen [5]). If D is a weakly connected (but not strongly

connected) locally semicomplete digraph, then D∗, the condensation of D, is

an acyclic round digraph and each strong component of D is a semicomplete

digraph.

From this we deduce a result about arc-traceability.

Corollary 5.14. If D is a weakly connected (but not strongly connected) locally

semicomplete digraph, then D is arc-traceable if and only if each strong compo-

nent of D is an arc-traceable semicomplete digraph and D∗, the condensation of

D, is a directed path.

Once again, this is not quite a characterization, since it relies on a char-

acterization of arc-traceable semicomplete digraphs, but we do know a great

deal about the structure of non-arc-traceable strong semicomplete digraphs from

Theorem 5.5.

In the case of strong locally semicomplete digraphs, we will focus on the

sub-class known as round decomposable strong locally semicomplete digraphs.

A round decomposition is somewhat more general than the condensation of a
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digraph. We will say a strong locally semicomplete digraph D has a round

decomposition if there is a round digraph R with order r and the vertices of D

can be partitioned into sets S1, . . . , Sr in one-to-one correspondence with the

vertices of R such that each Si is a strong semicomplete digraph and that every

vertex in Si dominates each vertex in Sj whenever the vertex corresponding to

Si dominates the vertex corresponding to Sj.

We note that not all such digraphs have a round decomposition (see [16]).

We will consider only those that do here. Round digraphs are certainly round

decomposable, as we can simply choose Si = {vi} for each vertex vi. We use the

techniques and arguments developed for round digraphs to give necessary and

sufficient conditions for an arc in this larger class of digraphs to be traceable.

Lemma 5.15. Let D be a strong round decomposable locally semicomplete

digraph and let S1, . . . Sr and R be a round decomposition of D. Then an

arc xy ∈ A(D) is non-traceable if and only if for some non-traceable arc

wiwj ∈ A(R), Si = {x} and Sj = {y}.

Proof. Let D have the round decomposition specified in the theorem, and let

x ∈ Si and y ∈ Sj.

If i = j, let Hi be a hamiltonian path of the semicomplete digraph induced

on Si \ {x, y} and for k 6= i, let Hk be a hamiltonian path of the semicomplete

digraph induced on Sk. Then xyHi+1Hi+2 · · ·HrH1H2 · · ·Hi is a hamiltonian

path of D that contains the arc xy.

If i 6= j and Si 6= {x}, then let Hi be a hamiltonian path of Si \ {x} and

let Hj be a hamiltonian path of the strong semicomplete digraph induced on

Sj beginning at y. Now, for k 6= i, j let Hk be any hamiltonian path of Sk and
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construct the hamiltonian path xHjHj+1 · · ·HrH1H2 · · ·Hj−1 of D containing

the arc xy. Similarly, if Si = {x}, but Sj 6= {y}, we use a similar technique and

construct a hamiltonian path Hi+1Hi+2 · · ·HnH1 · · ·Hi−1xy.

Thus, we can assume that Si = {x} and Sj = {y}. It remains to show that

in this case, xy is traceable in D if and only if wiwj is traceable in R. Clearly,

if wiwj is traceable in R, the we can choose a hamiltonian path HR containing

this arc and replace each vertex wk of this path with a hamiltonian path Hk

of Sk and obtain a hamiltonian path of D that contains xy. Conversely, just

as in the proof of Theorem 5.12, any hamiltonian path H of D containing xy

must contain an arc uv with u ∈ Sk1 and v ∈ Sk2 where one of k1, k2 is in the

set {j + 1, j + 2 . . . , i − 1} and the other is in the set {i + 1, i + 2, . . . , j − 1}.

This forces the arc wi−1wi+1 or the arc wj−1wj+1 in R and this arc is sufficient

to guarantee that wiwj is traceable in R by Theorem 5.12.

This gives us precisely the same characterization of arc-traceable strong

round decomposable locally semicomplete digraphs that we obtained in the case

of round digraphs.

Theorem 5.16. Let D be a strong round decomposable locally semicomplete

digraph. Then D is arc-traceable if and only if D−{x, y} is traceable and D(yx)

has δ− + δ+ > 0 for every xy ∈ A(D).

Proof. The result follows from Theorem 5.15 using the exact same argument

used in the proof in Theorem 5.13.

To complete an analysis of all arc-traceable locally semicomplete digraphs,

such digraphs that are not round decomposable must be considered. This case
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remains open.

Question. Characterize arc-traceable locally semicomplete digraphs that are nei-

ther semicomplete nor round decomposable.

5.4 Other Generalizations

In this last section we pose a series of questions that are related to arc-

traceability in tournaments. We will suggest other classes of digraphs in which

arc-traceability could be investigated, and we will consider properties similar

to arc-traceability. For clarity, we will state each problem in the context of all

digraphs. Of course, many such questions could be asked. We present only a

small sample.

Perhaps the most obvious generalization of tournaments not already dis-

cussed is the class of multipartite tournaments. A multipartite tournament is an

orientation of a complete multipartite graph.

Question. Characterize arc-traceable multipartite tournaments.

Another possibility is to look at directed graphs which fall just short of

tournaments. For example, digraphs with at most one pair of non-adjacent

vertices.

Question. Characterize arc-traceable digraphs whose underlying graph is Kn−e.

Generalizing the idea of arc-traceability itself, we arrive at a fundamental

question: Given any substructure S, what digraphs D have a hamiltonian path

containing S for each S in D? We briefly consider a few choices for the structure

S.
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Question. Characterize digraphs D that contain a hamiltonian path containing

S for each S in D where S is:

• A path of length k, k ≥ 2.

• k vertex disjoint arcs, in any order.

• An ordered set of k vertex disjoint arcs.

• A linear forest with possibly additional restrictions.

We can also generalize the “traceable” part of arc-traceable. Instead of

requiring a single, spanning path, we can seek digraphs with a linear factorization

containing the desired structure. Such a generalization may be necessary to make

significant progress on these stronger conditions, as there remain many open

questions even in the case of arc-traceable digraphs. One might also consider

factorizations containing the given structure that consist of both paths and

cycles. Path-cycle factorizations of semicomplete multipartite digraphs have

been studied by Bang-Jensen, Huang, Gutin and Yeo (for an overview of these

results, we suggest [6] and for specific references, [7] and [17]).
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[4] K. T. Balińska, M. L. Gargano, L. V. Quintas, and K. T. Zwierzyński.
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