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ABSTRACT

Consider a (Monte Carlo) simulation designed to estimate p, the expected
value of a random variable, X. Suppose there is a family of random vari-
ables, Y (u), u € U, which can be evaluated during the simulation of X, with
the following properties: v(u*) = 0 for some u* € U, and v (u) is contin-
uous in a neighborhood of u*, where v(u) = var(X + Y (u)). We call Y (u)
a perfect control variate. Although they may appear rare, perfect control
variates can be constructed in many simulation settings, via “approximating
martingales”.

We analyze various adaptive estimators for u based on { X,,+Y,,(u,—1)}, n >
0, where w,, — u*. When u, is a sample mean of independent and identi-
cally distributed random variables we construct an estimator 4,, which con-
verges at rate |A, — p| ~ O(n~"v/Inn), and prove a Central Limit Theorem
for A,. A similar estimator, A,, converges at rate O(n~'). (The “canoni-
cal” convergence rate for Monte Carlo simulations is O(n~'/2).) In certain
cases we can construct an estimator &, that converges exponentially fast, i.e.,
lim sup,, n~! In(varg,) < c.



